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Acoustic radiation force has been widely used to manipulate particle
movement in microfluidic devices. In acoustophoresis applications, accurate
calculation of the acoustic radiation force is essential. Many analytical
solutions of acoustic radiation force have been proposed, mainly for spheres
and spheroids in an axisymmetric configuration. In this study, a three-
dimensional boundary element model is developed to calculate the radiation
force and torque acting on particles of arbitrary shapes and sizes subjected
to arbitrary acoustic waves. This numerical model provides a more versatile
and accurate calculation of the radiation force and torque over the available
analytical solutions. In this model, the acoustic domain is assumed to
be infinite and the fluid inside the domain is inviscid. Due to these
assumptions, this model is only valid for the cases where the particle size is
larger than the thickness of viscous boundary layer. Moreover, for the case
of a compressible particle, the shear wave inside the particle is neglected
in this model. Hence, the particle resonance, which might be set up when
the particle size approaches the shear wavelength, is not considered in this
model.
In the first two parts of this study, the radiation force and torque acting
on non-spherical particles subjected to acoustic standing waves and Bessel
beams are calculated by using this numerical model. For the case of
acoustic standing wave, the direction of the radiation force is determined
by the acoustic contrast factor of the particle. The radiation torque rotates
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the particle to the position in which the particle has the largest projected
area in the pressure nodal plane. For the case of acoustic Bessel beam, a
negative axial force could be obtained by properly setting the beam cone
angle and the characteristic length of the particle. Analysis of the particle
stability in transverse plane shows the potential ability of the acoustic
Bessel beam for particle separation based on shape.
In the third part, the boundary element model is further used to calculate
the interparticle force and torque on a pair of spheroids subjected to an
acoustic standing wave. The numerical results show that the interparticle
force is dominant over the radiation force when the two particles are close
each other. On the other hand, the interparticle torque is negligible com-
pared to the radiation torque, even when the distance between the particles
is small. Furthermore, the result of the total force and torque calculation
provides insight into the physics behind the particle agglomeration observed
in experiments.
In the fourth part of this study, an alternative way to calculate the acoustic
radiation force and torque is proposed. In this alternative way, the boundary
element model is combined with the multipole translation method to
provide the multipole representation of the scattered field with respect to
the center of the particle. With the multipole coefficients, the radiation
force and torque are calculated by using the general expressions of the
radiation force and torque reported in the literature. The calculation
results obtained from this alternative method match well with the results
obtained from the far-field integration.
Biological cells undergo deformation while being trapped by the acoustic
radiation force at the pressure node. Based on this phenomenon, in the last
part of this study, a numerical framework which combines the boundary
ix
element model and an axisymmetric shell model is developed to estimate
the stiffness of cell membrane from the cell deformation. This numerical
framework is used to estimate the membrane stiffness of algae and red
blood cells in this study. The results for the red blood cell are in a good
agreement with the values reported in the previous studies.
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In the last decades, miniaturizing conventional laboratory activities into a smaller
system, known as lab-on-a-chip, has been widely studied and applied. The ability
to manipulate cells and particles in a micro-channel is one of the benefits of lab-
on-a-chip. Different techniques, such as dielectrophoresis, magnetophoresis, optics,
and acoustophoresis have been applied to manipulate cells/particles in a microfluidic
channel.
In dielectrophoresis [10–12], a non-uniform electric field is applied to manipulate
the particle movement. Two types of manipulation, which are positive and negative
dielectrophoresis, can be realized based on the dielectric properties of the particle. In
the positive dielectrophoresis, the particles move towards the electrodes and get trapped.
In the negative dielectrophoresis, the dielectric radiation force pushes the particles
away from the electrodes. In magnetophoresis [13–15], magnetic micro-particles are
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used as agents to manipulate the movement of the target particles. These magnetic
agents are attached to the target particles so that they move together when a magnetic
field is applied. Other particles with no attached agent would not be affected by the
magnetic field; hence, separation can be realized. Similar to the magnetophoresis, in
optical tweezers [16–18], trapping beads are attached to the target particles and then
they are trapped together at the focal point of a laser beam.
In acoustophoresis, the particles can be manipulated by the acoustic radiation
force. This force results from the scattering of the acoustic wave by the particles due
to the acoustic impedance mismatch between the particles and the fluid. Similar to the
dielectrophoresis, depending on the acoustic properties of the particles, the particles
are moved by the radiation force either to the pressure node (typically at the center
of the micro-channel) or to the pressure anti-node (typically at the channel walls).
The ability to calculate the magnitude of this force is essential in the acoustophoresis
applications. Some analytical formulae to calculate the acoustic radiation force on
simple shapes, typically in an axisymmetric configuration, have been proposed. As
the applications of acoustophoresis in bioscience gained more interests, there is a need
to develop a versatile and accurate numerical model that can be used to calculate the
acoustic radiation force acting on particles of arbitrary shapes.
Chapter 1. Introduction 3
1.2 Research Objective
Studies of the acoustic radiation force and torque have been conducted both analytically
and numerically. The proposed analytical solutions were limited to particles of small
sizes in an axisymmetric configuration. A lot of numerical studies have been done
to overcome this limitation. However, most of the previous numerical studies were
also limited to two-dimensional analysis (axisymmetric), which is not sufficient for
analysing particles of complex shapes, such as biological cells. Therefore, the objective
of this study is to develop a three-dimensional boundary element model that can
calculate the radiation force and torque on particles of arbitrary sizes and shapes.
1.3 Scope
In this boundary element model, the direct boundary element method is used to
solve the scattered acoustic field by rigid and compressible particles. For the rigid
particle, the sound hard boundary condition is imposed at the particle surface. For
the compressible particle, the boundary conditions are given by the continuity of the
pressure and normal velocity at the particle surface. The scattered acoustic field is
then used to calculate the radiation force and torque acting on the particle. The effect
of the fluid viscosity on the radiation force and torque is neglected in this model. Due
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to this assumption, this model is only valid for the cases where the particle size is
larger than the thickness of viscous boundary layer. Moreover, the shear wave inside
the compressible particle is neglected in this model. Hence, the particle resonance,
which might be set up when the particle size approaches the shear wavelength, is not
considered in this model.
This study consists of five parts that were done by using the developed boundary
element model. In the first part, the boundary element model was used to calculate
the radiation force and torque on non-spherical particles, which were spheroids and
cylinders with hemisphere caps, subjected to a plane standing wave. Both rigid and
compressible particles were considered in this calculation. From the calculation results,
the effects of particle shape, material properties, and particle orientation with respect
to the direction of the wave propagation on the radiation force and torque are analyzed.
In the second part, where the radiation force and torque due to an acoustic Bessel
beam were calculated, the main focus was the effects of the beam cone angle and
particle shape to the key features of acoustic Bessel beam, such as negative axial force
and stable equilibrium position around the beam axis.
In the third part, the boundary element model was used to calculate the interparticle
force and torque on a pair of spheroids. The interparticle force is the main driving force
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for the particle agglomeration observed in acoustophoresis experiments. Therefore,
the calculation of this force is essential in understanding the physics behind this
agglomeration. In this calculation, the spheroids were assumed to be rigid (sound
hard). The effects of several factors, such as distance between spheroid centers, initial
orientation of the spheroids, and the inclination angle of the pair with respect to the
wave direction, on the interparticle force and torque were analyzed.
In the fourth part, an alternative method, called the combined boundary element-
multipole translation method, to calculate the radiation force and torque on particles
of arbitrary shapes was proposed. In this method, the boundary element model is
coupled with the multipole translation method to provide physical interpretation of
the scattered field as sources at the particle center. From the boundary element model,
the strength of the monopole and dipole sources at each element on the particle surface
can be obtained. These sources are then transformed to the center of the particle
using the multipole translation method to obtain the multipole representation with
respect to the center of the particle of the acoustic scattered field. The radiation force
and torque are then calculated by substituting these multipole coefficients into the
general expressions of force and torque available in the literature.
In the last part, a method to measure the stiffness of cell membrane via acoustophore-
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sis was proposed. This project was inspired by a recent experimental study [6] which
showed that the cells undergo deformation while being trapped by the acoustic ra-
diation force. If the acoustic radiation traction acting on the cell surface is known,
the stiffness of the cell membrane can be measured from the cell deformation. The
boundary element model is used to solve the acoustic traction acting on the cell surface.
In the process of solving the traction, the cell is assumed as a compressible medium to
acoustic waves. The cell membrane deformation under the acoustic traction is then
simulated by an axisymmetric shell model. For the quasi-static deformation of the cell,
the total volume of the cell was assumed to remain the same after the deformation.
The Young’s modulus of the cell membrane is estimated by comparing the simulated
deformation with the cell deformation measured in an experiment conducted by a
fellow research student [19] and data reported in the literature [6]. The proposed
method was applied to measure the membrane stiffness of red blood cell and algae cell.
1.4 Original Contributions
The research done in this PhD study are intended to fill the research gaps in the
existing literature of the acoustic radiation force and torque. In the first two parts,
acoustic plane standing wave and Bessel beam were studied since these acoustic waves
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are commonly used to manipulate particles in the acoustophoresis experiments. Most
analytical and numerical studies done for these acoustic waves are still limited to
the axisymmteric configuration. Therefore, in this study, the radiation force and
torque were calculated in a non-axisymmetric configuration where the particles have
an arbitrary orientation with respect to the wave direction. The effect of particle
orientation on the radiation force and torque presented in this thesis has not been
widely analyzed in the literature. Particularly for the acoustic Bessel beam, the
analysis of stable equilibrium positions of a non-spherical particle around the beam
axis presented in this thesis can help to pave the way for more applications of acoustic
Bessel beam in the area of cell manipulation.
Interparticle force is the main driving force for particle agglomeration observed in
the acoustophoresis experiment. To date, previous studies of interparticle force have
been done by using the multipole expansion method, which is limited to the case of
spheres. Therefore, in the third part, the calculation of the interparticle force was
extended for a pair of spheroids. The interparticle torque acting on this pair was also
calculated. This study is the first to analyze the interparticle torque acting on a pair
of non-spherical particles. The analysis results provide insights to how biological cells,
which are mostly not spherical, agglomerate and orient themselves inside a microfluidic
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channel.
In the fourth part, the boundary element model was coupled with the multipole
translation and rotation method. The main purpose of this coupling is to obtain
the multipole representation of the scattered acoustic field from particles of arbitrary
shapes. With this multipole representation, one could use the series expressions of
radiation force and torque that are available in the literature to calculate the radiation
force and torque on particles of arbitrary shapes. The main contribution of this part
is to extend the multipole expansion method that is widely used in this research area
to calculate force and torque on particles of arbitrary shapes. This boundary element-
multipole translation method would be a very useful numerical tool for applications
where acoustic scattering from non-spherical scatterers is of particular importance,
such as underwater acoustics, ultrasound imaging, and noise source identification.
A new method to measure the stiffness of cell membrane via acoustophoresis was
proposed in the fifth part. In contrast to the existing direct contact techniques which
apply a concentrated mechanical load to the cell, lesser or no structural change in
the cell membrane could be expected from the proposed method since the acoustic
radiation traction is a distributed load. There are other non-contact methods, such as
optical and magnetic tweezers reported for the measurement of cell membrane stiffness.
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However, unlike the proposed method, additional attachments, such as microbeads,
are needed to deform the cell in the experiment. These additional attachments may
hinder the accuracy of the cell deformation and make these methods more complex
than the proposed method.
1.5 Thesis Organization
This thesis begins with the introduction chapter. In this chapter, acoustophoresis,
which is the background of this study, is introduced first. Then, the objective and
scope of this study are elaborated, followed by the contributions of this study in filling
the research gaps in the area of acoustophoresis. In the next chapter, the history of
the development of boundary element method and its applications in solving acoustic
problems are first reviewed. Then, common applications of the acoustophoresis are
discussed briefly. Finally, previous theoretical studies of the acoustic radiation force
and torque are reviewed in order to indicate the existing research gaps that the author
tends to fill. In Chapter 3, the fundamental principle of the use of boundary element
method in solving acoustic scattering problem is explained. Then, the derivation of the
acoustic radiation force and torque formulae is presented. The results of radiation force
and torque calculation for the cases of acoustic plane standing wave and Bessel beam
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are presented in Chapter 4 and Chapter 5, respectively. Calculation of the interparticle
force and torque on a pair of spheroids in a plane standing wave is presented in Chapter
6. The detailed formulations of the boundary element-multipole translation method
are discussed in Chapter 7. In Chapter 8, the coupled acoustic-shell model to measure
the stiffness of cell membrane is presented. Finally, the conclusions of this study and
future works are discussed in Chapter 9.
Figure 1.1 shows the flowchart of the thesis organization. As can be seen in this
flowchart, the integration over fictitious sphere is used to calculate the radiation force
and torque due to a plane standing wave (Chapter 4), a Bessel beam (Chapter 5), and
to calculate the interparticle force and torque (Chapter 6). In Chapter 7, the combined
Figure 1.1: Flowchart of thesis organization.
boundary element-multipole translation method is proposed as an alternative way
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to post-process the boundary element solution and calculate the radiation force and
torque. The study of cell stiffness using the coupled acoustic-shell model in Chapter





In this chapter, a historical review of the boundary element method and its application
for solving acoustic problems are discussed first. Then, the applications of acoustic
waves in manipulating particle movement are briefly reviewed. Lastly, review of the
previous theoretical studies of acoustic radiation force and torque is presented.
2.1 Development of The Boundary Element Method
and Its Application for Acoustic Problems
In the last thirty-five years, the boundary element method (BEM) has developed to
be an efficient computational method for solving wide variety of engineering problems,
such as elastostatics, heat transfer problem, fluid flow, acoustics, etc. In 1903, the
study of integral equations by Fredholm [20] started the development of boundary
element method. In this work, Fredholm [20] proved the existence and uniqueness
13
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of solutions to the integral equation for potential problems. Since then the integral
equation has been applied to various mathematical physics problems, such as potential
fluid flow [21,22], elasticity [23–25], and acoustics [26,27]. In these series of studies,
the integral equations were solved by using analytical techniques, which limited the
applications to simple problems.
In early sixties, discretization procedures were applied to solve the boundary integral
equations in various engineering fields. In 1963, Jaswon [28] and Symm [29] used
the discretized boundary integral equation to solve 2D-potential problems governed
by the Laplace equation. In this study, the problem boundary was discretized by
using straight line elements having constant potential function. During 1967-1972, the
application of the discretized boundary integral equation was extended for various
problems, such as elasticity [30], elastodynamics [31,32], electromagnetics [33], heat
conduction [34], water wave scattering [35], etc. In 1977 and 1981, Brebbia and
Dominguez [36] and Banerjee and Butterfield [37] were the first to use the name
boundary element method (BEM).
Compared to other numerical methods, such as finite difference method, finite
element method, and finite volume method, boundary element method is more efficient
since the discretization is only needed for the domain boundary. Moreover, since the
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Green’s function satisfies the Sommerfeld radiation condition naturally, boundary
element method is very suitable for solving external, unbounded problems, such as
acoustic wave propagation and scattering. In this area, boundary element method has
been used extensively to analyse the sound propagation and scattering from a noise
barrier. In 1980, Seznec [38] used the boundary element method to analyse the sound
pressure field in the vicinity of noise barriers on a rigid ground. In other works done
by Morgan et al. [39], Monazzam et al. [40,41], and Baulac et al. [42], two-dimensional
boundary element simulation was used to analyse the effects of shape and absorbing
surface to the performance of noise barriers. Recently, in the area of indoor sound
propagation, boundary element method has been used for source identification of
machinery noise [43] and analysis of acoustic energy distribution in a room [44].
Despite being extensively used for external acoustic problems, boundary element
method fails to provide a unique solution at frequencies correspond to the resonant
frequencies of the internal acoustic problems. At these spurious resonant frequencies,
the boundary integral equation becomes ill-conditioned [45] and the results obtained
from the boundary element method are erroneous. Many formulations have been
proposed to overcome this non-uniqueness issue. Among these formulations, CHIEF [46]
and Burton-Miller method [47] are most commonly used. In the CHIEF method [46],
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the non-uniqueness issue is removed by combining the system of equations of the
exterior domain with the system of equations of the interior domain. The exterior
system of equations is obtained by discretizing the boundary integral equation with
a set of collocation points at the boundary. On the other hand, another set of
points in the interior domain is used to form the interior system of equations. The
combined system of equations is then solved by using the least square method. The
success of this method in eliminating the spurious resonant frequencies depends on
the number and locations of the interior points [45]. Burton and Miller [47] reported
that the combination of the boundary integral equation and its normal derivative
would result in a unique solution for all frequencies if proper coupling constant is used
to combine these equations. Several studies [45, 48] reported that c = i/k, where k
denotes the wavenumber, is the most optimum coupling constant for Burton-Miller
formulation. The major challenge in using Burton-Miller formulation is the evaluation
of the hypersingular integral obtained from differentiating the boundary integral
equation. Theory of Hadamard finite-part integral [49] and several regularization
techniques [50–53] can be used to evaluate this integral.
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2.2 Applications of Acoustophoresis
Acoustophoresis, the motion of particles induced by an acoustic wave, has been
widely applied in microfluidic systems for decades. The first common application of
acoustophoresis is the acoustic particle trapping/concentration. In this application, an
ultrasound standing wave is used to concentrate/trap particles at a desired location
in a micro-channel. This principle has been used to conduct biological studies. In
1997, Yasuda et al. [54] used this principle to investigate the release of intracellular
components of red blood cells under the influence of ultrasound. They found that
there was no significant damage experienced by the red blood cells under ultrasound
exposure up to 15 minutes. In 2010, Vanherberghen et al. [55] conducted a study
of cell aggregation in a multi-well microchip. They found that under a continuous
ultrasonic exposure (for up to 72 hours), the cells were still viable and able to divide.
These findings indicate that acoustic radiation force can be used to trap biological
cells in a prolonged period of time without any negative effects on the cell viability.
In 2014, Wiklund et al. [56] used this principle to study the interaction between
natural killer cells and cancer cells in a multi-well microplate. It was reported that
the ultrasound was successfully used to maintain the contact between both cells and
accurately manipulate the position of cell aggregate in the well. Moreover, the starting
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time of cell interaction in all wells was synchronized by the ultrasound.
Besides concentrating particles at a certain location, the ultrasound standing wave
can also be used for particle separation. Based on the theory of acoustic radiation
force (will be discussed in the next section), the separation can be performed based on
the particle size and acoustic contrast factor. In 1995, Johnson and Feke [57] used
ultrasound standing wave to separate particles of different sizes. It was reported that
large particles moved faster than the small particles to the pressure node. This was
due to the larger radiation force experienced by the large particles. This principle was
also used by Kapishnikov et al. [58] to develop a micro-device for continuous particle
sorting in 2006.
Based on the concept of acoustic contrast factor, Petersson et al. [59, 60] used an
ultrasound standing wave to separate lipids from red blood cells in a micro-channel.
Lipid particles have negative acoustic contrast factor so they moved towards the
pressure antinode (the channel walls) when the ultrasound standing wave was set in
the micro-channel. On contrary, the red blood cells moved to the pressure node (center
of the channel) due to its positive contrast factor. Recently, this principle was used
to filter oil from water [61], separate tumor cells from white blood cells [62,63], and
platelets from blood [64].
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Another mode of particle separation is switching the frequency of the ultrasound
wave such that different acoustic resonance modes can be generated inside the micro-
channel at certain time intervals. By choosing the first actuated acoustic mode and
tuning the actuation time intervals accordingly, alignment of particles on two different
pressure nodal lines of two respective acoustic modes can be obtained. In 2011, this
principle was used by Liu and Lim [65] to separate particles of two different sizes. In
the following year, Liu et al. [66] published a work about separating and transporting
particles between two fluid streams by using an ultrasound standing wave. By adjusting
the flow rate of the two fluids, the fluid interface can be shifted at a certain distance
from the pressure nodal line. Particles subjected to larger radiation force migrated
from initial fluid stream to the destination fluid stream where the pressure nodal
line was. Other particles with smaller radiation force were pushed by the initial fluid
stream to the channel outlet.
Acoustophoresis has also been used to measure both acoustophysical and mechanical
properties of biological cells. In 2011, Hartono et al. [5] demonstrated the measurement
of cell compressibility by using acoustophoresis. In this study, the acoustic contrast
factor of the cells is estimated by measuring the trajectory of the cell under the influence
of the acoustic radiation force, and fitting this trajectory with a theoretical trajectory.
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The cell compressibility is then extracted from the estimated acoustic contrast factor
under the assumption of known cell density. In 2014, Mishra et al. [6] demonstrated
the use of acoustic radiation force to deform red blood cells in a micro-capillary. In this
study, it was reported that the red blood cells underwent deformation while trapped
at the pressure node.
Under the acoustic standing wave, all particles move to the same target location in
the micro-channel. Hence, individual manipulation of a single particle is not visible
for the acoustic standing wave. Optical tweezers is the most well developed method to
do this individual manipulation [16,17,67–69]. However, the high laser beam intensity
could damage the particle, particularly in the case of cell trapping. Considered to be
safer for cell manipulation, acoustic tweezers has gained more interest recently. In
2005-2006, Lee and Shung [70–72] studied the visibility of using an acoustic Gaussian
beam in manipulating micro-particles. Based on these studies, they developed a single
beam acoustic device [73, 74] to trap oleic acid lipid droplets in 2009. The acoustic
Gaussian beam was produced by a 30 MHz lithium niobate single element transducer
driven by sinusoidal burst signal. The lipid droplets were attached to a mylar film
which was placed at a close distance from the transducer. It was shown that the
lipid droplet moved to the center of the beam and followed the movement of the
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transducer in a certain time lag. In 2011, Choe et al. [75] used an ultrasonic Bessel
beam to trap microparticles. The Bessel beam was generated by a single element
transducer equipped with multi-foci Fresnel lens. Another interesting design of acoustic
tweezers was proposed by Courtney et al. [76] recently. The device consisted of an
array of ultrasonic transducers arranged such that a circular ring was formed. The
inner region of the ring was sealed and filled with water to form a chamber where the
particle manipulation was performed. This arrangement of transducers produced a
Bessel-function shaped pressure field inside the chamber that was used to trap particles
at the center region of the chamber.
2.3 Previous Studies of Acoustic Radiation Force
and Torque
Acoustic radiation force has been studied for a very long time. Back in 1934, King [77]
used the multipole expansion method to calculate acoustic radiation force on a rigid
sphere subjected to plane standing wave and plane progressive wave in an ideal fluid.
The sound hard boundary condition was imposed at the surface of the sphere. Two
types of spheres were considered in this study. The first one was the rigid immovable
sphere where the density ratio of the material inside the sphere to the fluid medium
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tends to infinity. The second sphere was the rigid movable sphere where the density
ratio of the material inside the sphere to the fluid medium was finite. The radiation
force was calculated by integrating the time-averaged second order pressure over the
surface of the sphere. The time-averaged second order pressure was obtained by solving
the scattered wave potential at the sphere surface. By keeping only the monopole
and dipole terms in the series expansion of the scattered wave potential, two simple
formulae that are valid only in the Rayleigh limit were derived for plane standing
wave and plane progressive wave, respectively. In 1955, Yosioka and Kawasima [3]
used the same approach as King’s to propose analytical solutions of acoustic radiation
force on a compressible sphere in an ideal fluid. The boundary condition were given
by the continuity of the pressure and velocity at the surface of the sphere. It was
shown in this study that the radiation force on a compressible sphere can be obtained
by integrating the sum of the time-averaged second order pressure and a correction
term over the surface of the sphere at its equilibrium position. The correction term
is the momentum flux across the surface of the sphere at its equilibrium position.
Similar to King, two simple formulae for a small compressible sphere subjected to plane
standing wave and plane progressive wave were proposed. The important parameter
in these formulae is the acoustic contrast factor of the sphere. This parameter is a
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function of material properties of the sphere and it determines the direction of the
radiation force. Subsequently, in 1962, Gorkov [78] simplified Yosioka and Kawasima’s
solution [3] and reformulated the radiation force in terms of acoustic potential and
kinetic energies. Moreover, it was shown that the integration of the radiation force
can be performed over a surface with radius larger than the sphere radius (far-field
integration) due to the conservation of linear momentum. As a continuation of Yosioka
and Kawasima’s study [3], Hasegawa [79–82] calculated the radiation force on a solid
elastic sphere subjected to plane waves in an ideal fluid. In these studies, the Navier
equation of motion for solid isotropic elastic material was solved. The displacement of
the sphere was decomposed into scalar and vector potentials which correspond to the
compressional and shear waves inside the sphere, respectively.
In the late of 19th century, research about the effect of fluid viscosity on the acoustic
radiation force started. In the series of studies, Doinikov [83–85] proposed analytical
expressions of radiation force for both rigid and compressible spheres in a viscous fluid.
In these expressions, it can be seen that the total force acting on the sphere is the sum
of the radiation force and the streaming drag force. When the sphere radius is much
larger than the boundary layer thickness, the total force and the radiation force are
approximately equals; hence, the effect of viscosity could be neglected. However, when
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the boundary layer thickness is comparable or even larger than the sphere radius, the
streaming drag force dominates the total force. The same findings were reported by
Danilov and Mironov [86]. In 2012, Settnes and Bruus [87] proposed an alternative
way to calculate the radiation force on a small sphere in a viscous fluid. In this study,
a viscous correction factor was used to modify the Gorkov’s equation. This factor is a
function of the boundary layer thickness and it affects the kinetic energy term in the
Gorkov’s formula. Recently, Sepehrirahnama et al. [88] used the Stokeslet method to
solve the acoustic streaming around a rigid sphere in a viscous fluid. In the subsequent
study [89], this semi-analytical method was used to calculate the interaction force on
a pair of rigid spheres in a viscous fluid.
Since the particle shape may deviate from sphere in the experiment, there is a
need to study the acoustic radiation force on non-spherical particles. In 2004, Wei et
al. [90] studied the acoustic radiation force on a compressible circular cylinder with
infinite length subjected to a plane standing wave. Similar to Yosioka and Kawasima’s
approach [3], only the compressional wave inside the cylinder was considered and the
viscosity of the surrounding fluid was neglected. By considering only monopole and
dipole terms of the scattered acoustic field, an analytical formula for radiation force-
per-length in Rayleigh limit was proposed. In 2010, Mitri [91] proposed a series solution
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of radiation force on the same shape for the case of plane progressive wave. In 2006,
Marston et al. [1] reported an analytical formula, derived based on electromagnetic
analogy, for the radiation force on a rigid immovable spheroid subjected to a plane
standing wave in an inviscid fluid. It was shown that this formula is the King’s formula
multiplied by a shape correction factor. This correction factor is a function of the
spheroid eccentricity. In addition to the acoustic radiation force, there could be an
acoustic radiation torque acting on non-spherical particles. The study of acoustic
radiation torque was started by Maidanik [92] in 1958. In the first part of this study,
by using the conservation of angular momentum, Maidanik proved that the radiation
torque can be evaluated by using the far-field integration. Then, using this approach,
an analytical expression for radiation torque on rigid immovable plane disks of arbitrary
shapes was derived. From this expression, it can be seen that the radiation torque
was zero for the case where the normal of the disk was parallel to the direction of
incident wave propagation. In 2007, Hasheminejad and Sanaei [93] derived analytical
solutions of radiation force and torque on an elastic elliptical cylinder with infinite
length. In this study, the incident and scattered waves were expressed in the form of
series involving angular and radial Mathieu functions, which are the solutions of the
Helmholtz equation in elliptic coordinates. The effect of the incidence angle on the
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radiation force and torque was analysed in this study. In 2008, Fan et al. [2] extended
Maidanik’s study by proposing analytical formulas of radiation torque for small rigid
movable particles of various shapes, such as disks of arbitrary shapes, spheroid, and
semicircular cylinder with infinite length. Through the proposed analytical formulae,
they conveyed a discussion about the stable orientation of these shapes. For example,
the stable orientation of a prolate spheroid is the orientation where the spheroid major
axis is parallel to the pressure nodal plane.
As discussed in the previous section, particle manipulation using the acoustic
tweezers has gained more interest recently. The development of acoustic tweezers
was supported by theoretical studies of radiation force due to acoustic beams. In
2006 and 2007, Marston [4, 94] used the partial wave expansion method to derive an
analytical expression of radiation force on a sphere located on the axis of an acoustic
Bessel beam. From the numerical results, it was found that the force acting on a rigid
immovable sphere subjected to a zero-order Bessel beam always pushes the sphere
forward in the wave direction. For a compressible sphere, the beam could produce a
negative axial force that attracts the sphere towards the beam source when the beam
cone angle and the frequency are tuned accordingly. Moreover, it was found that this
negative force occurred when the scattered acoustic field at the backward hemisphere
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was significantly weak. In his subsequent study, Marston [95] used the same method
to conduct a parametric study of radiation force on a sphere subjected to a helicoidal
first-order Bessel beam. It was found that the helicoidal Bessel beam could result in
a negative axial force for both rigid and elastic spheres. In 2009, Mitri [96] derived
analytical expressions of axial forces on air bubble and liquid sphere illuminated by
high-order Bessel beam of quasi-standing waves. From this study, it was found that
the selection of beam parameters determined the contribution of vibrational mode
to the radiation force. In 2013, Silva [97] calculated axial and transverse radiation
forces acting on an absorbing fluid sphere located outside the Bessel beam axis. The
calculation was done by using the series solutions of axial and transverse radiation
forces derived in his previous study [98]. Similar series solutions of radiation force
were also obtained by other researchers [99, 100]. Recently, Mitri [101, 102] proposed a
semi-analytical solution of axial radiation force acting on a rigid immovable spheroid
subjected to the zero-order Bessel beam. However, the proposed solution is only valid
for axisymmetric configuration (2D), where the beam axis coincides with the axis of
symmetry of the spheroid.
Most of the aforementioned solutions for radiation force are valid only for Rayleigh
limit due to the truncation of the series expansion of scattered acoustic field up to
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only dipole terms. To overcome this limitation and calculate the radiation force and
torque on complex shapes, numerical studies of the acoustic radiation force and torque
have been conducted. In 2011, Wang and Dual [103] used the finite volume method
to solve the viscous Navier-Stokes equations and calculated the radiation force on
a rigid movable cylinder with infinite length in a fluid with low viscosity. From the
numerical results, it was found that the magnitude of radiation force decreased as the
viscosity increased at certain cylinder radius for the case of incident standing wave.
It was also reported that the effect of fluid viscosity on the magnitude of radiation
force in a plane standing wave was insignificant compared to the case of a plane
progressive wave. This finding is in a good agreement with the result reported by
Danilov and Mironov [86]. Using the same numerical scheme, in 2012, they calculated
the radiation force on the rigid cylinder placed near the channel wall in an inviscid
fluid [104]. The numerical results showed that, besides the radiation force, there was
also a wall attraction force acting on the cylinders near the channel walls. Due to
this force, the trajectories of the cylinders are distorted near the channel walls. In
the same year, they published a conference paper about calculating the radiation
force and torque on particles of arbitrary shapes in a viscous fluid using the boundary
element method [105]. Some numerical results of a rigid cylinder with infinite length
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(2D) were presented. Other researchers, Cai et al. [106] and Grinenko et al. [107]
used the finite difference method to calculate acoustic radiation force on solid elastic
cylinder with infinite length and compressible sphere, respectively. In 2013, Lim and
Sepehrirahnama [108] used the multipole expansion method with spherical harmonics
to calculate the acoustic radiation force on rigid immovable spheroids of arbitrary sizes.
It is well known that the multipole expansion using spherical harmonics is not valid in
evaluating the acoustic scattered fields of non-spherical particle. However, in this study,
they showed that by including more terms (up to 10 terms) in the series expansion,
this method could be used to approximate the radiation force on spheroids with low
eccentricity. In the same year, Glynne-Jones et al. [109] developed a two-dimensional
finite element model built in COMSOL v.4.0a for calculating the acoustic radiation
force on elastic particles of arbitrary shapes. From the numerical results, they found
that the shape of the particles had insignificant effect on the magnitude of radiation
force when the density of the particles was close to the density of the surrounding
fluid. This finding implied that the cell separation based on shape may not be possible
since most cells have density close to the density of water, which is the common
medium in the typical acoustophoresis experiment. Schwarz et al. [110,111] conducted
experimental and theoretical studies about the rotation of a micro-fiber by the acoustic
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radiation torque in 2013 and 2015, respectively. For the theoretical study [111], the
finite element method was used to calculate the radiation torque acting on the fiber.
The effect of particle resonance, which may occur when the particle size is comparable
to the shear wavelength inside the particle, is discussed.
From this literature review, it can be concluded that most of the previous analytical
and numerical studies were limited to simple shapes and axisymmetric configuration.
In many practical situations, the particles may have arbitrary shapes that cannot be
analyzed in the axysmmetric manner. Therefore, in this study, a three-dimensional
boundary element model is developed to calculate the acoustic radiation force and
torque on particles of arbitrary sizes and shapes.
Chapter 3
Methodology
In this chapter, the fundamental theory used to develop the boundary element model is
presented. First, the boundary element formulation for solving the acoustic scattering
problems is presented. Techniques used to handle the singularities in the boundary
integral equation are discussed in the subsequent section. In the last section, the
derivation of the acoustic radiation force and torque formulae is presented.
3.1 Boundary Element Method for Acoustic Scat-
tering Problems
In typical acoustophoresis experiments where the microchannel is filled with water,
the thickness of the acoustic boundary layer around the particle δ . 0.6 µm for typical
range of ultrasound frequency of 1− 3 MHz at room temperature [87]. The particle
radius is typically larger than 3 µm, which is 5δ. For this condition, the effect of the
31
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fluid viscosity on the acoustic radiation force can be neglected [87]. Therefore, in this
boundary element model, it is assumed that the particle is immersed in an inviscid
fluid.
The governing equations of the acoustic wave propagation in an inviscid fluid can
be derived from the continuity equation given by
∂ρ
∂t
= −∇ · (ρv) (3.1)




+ ρ (v · ∇)v = −∇p, (3.2)
where ρ, p, and v denote the fluid density, pressure, and velocity, respectively.
By assuming that the fluid is a quiescent fluid with constant density ρ0 and pressure
p0, the acoustic wave can be modelled as small perturbations to the density ρ, pressure
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p, and velocity v up to the second order [87], as follows
ρ(r, t) = ρ0 + ρ1(r, t) + ρ2(r, t) (3.3)
p(r, t) = p0 + p1(r, t) + p2(r, t) (3.4)
v(r, t) = v1(r, t) + v2(r, t) (3.5)
where r and t denotes the spatial and time variables, respectively.
Substituting equations (3.3) and (3.5) to the continuity equation yields
∂ (ρ0 + ρ1 + ρ2)
∂t
= −∇ · [(ρ0 + ρ1 + ρ2)v1] . (3.6)
By keeping only the first order terms in equation (3.6), the first order continuity
equation [87] can be obtained.
∂ρ1(r, t)
∂t
= −ρ0 (∇ · v1(r, t)) (3.7)
Substituting the first order terms of equations (3.3), (3.4), and (3.5) to the Euler’s
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+ (ρ0 + ρ1) (v1 · ∇)v1 = −∇ (p0 + p1) . (3.8)
By keeping only the first order terms in equation (3.8), the first order Euler’s equation




= −∇p1(r, t) (3.9)
The first order pressure p1 is related to ρ1 through the following identity [87]
p1(r, t) = c20ρ1(r, t), (3.10)
where c0 denotes the speed of sound of the fluid. Moreover, for the inviscid fluid, the
first order pressure p1 and velocity v1 can be expressed in terms of a velocity potential
φ(r, t), as follows
p1(r, t) = −ρ0∂φ(r, t)
∂t
(3.11)
v1(r, t) = ∇φ(r, t). (3.12)
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= −ρ0 (∇ · v1(r, t)) . (3.13)






= ∇2φ(r, t) (3.14)
By assuming that the acoustic field has the following time harmonic dependence,
φ(r, t) = φ(r)eiωt (3.15)
where ω is the angular frequency, equation (3.14) reduces to the Helmholtz equation
with k = ω
c0
denotes the wavenumber.
∇2φ(r) + k2φ(r) = 0 (3.16)
The acoustic scattering phenomena that occurs in the acoustophoresis is governed
by this Helmholtz equation. In acoustophoresis experiments, an acoustic standing
wave is typically generated inside a microfluidic channel. The presence of the particles
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results in the scattering of this acoustic wave, which in turn generates the acoustic
radiation force. Therefore, the total acoustic field φ inside the microchannel is the
combination of the incident acoustic wave φin (the acoustic standing wave) and the
scattered acoustic wave φsc.
φ = φin + φsc (3.17)
In the calculation of the radiation force, φin is a known variable since it represents the
acoustic wave generated inside the microfluidic channel. Therefore, only the Helmholtz
equation of the scattered acoustic wave, given by equation (3.18), need to be solved.
∇2φsc(r) + k2φsc(r) = 0 (3.18)
In this study, the direct boundary element method is used to solve equation (3.18) for
the cases of rigid (sound hard) and compressible (sound penetrable) particles. It is
assumed that the particle is in an infinite acoustic domain (exterior problem), since
the channel size is typically much larger than the particle size in the actual experiment.
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This condition reflects that the scattered wave propagates away from the domain.
3.1.1 Acoustic Scattering by a Rigid Particle
Figure 3.1: Acoustic scattering by a rigid (sound hard) particle.
For the case of rigid particle, there is only one acoustic domain which is the exterior
domain D+, showed by the shaded area in Figure 3.1. The scattered wave potential












(Q) dΓ (Q) (3.20)
In this equation, Gk(l, Q) is Green’s function of the Helmholtz equation given by
Gk(l, Q) =
e−ikr(l,Q)
4pir(l, Q) , (3.21)
where point l is the load point where the solution is sought and Q denotes the field
Chapter 3. Methodology 38
point on the surface Γ, as shown in Figure 3.1. The distance between these points is
denoted by r(l, Q).
The unit normal vector of the surface pointing inward at the field point Q is
denoted by n−, as shown in Figure 3.1. The normal derivative of the Green’s function
∂Gk
∂n−
(l, Q) = (∇Gk(l, Q) · n−). The scattered wave potential at point Q is denoted by
φsc (Q). The scattered wave velocity at point Q in the normal direction is denoted
by ∂φsc
∂n−
(Q). The constant C is related to the solid angle and its value depends on
the position of point l. To solve equation (3.20), the particle surface is discretized
by using boundary elements. By considering each element node as the field point Q,
equation (3.20) can be rewritten in the form of a system of equations







where C is a diagonal matrix that contains the solid angle at each node and the














(ln, Qm)N em(ξ1, ξ2)J(ξ1, ξ2)dξ1dξ2 (3.24)
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where n and m are the row and column counters, respectively. N em(ξ1, ξ2) is the shape







contain the scattered wave potential and scattered wave
velocity (in the normal direction), respectively, of all element nodes. When the point l
is on the particle surface Γ, equation (3.22) can be modified into







Recent study by Sun et al. [112] reported that C = 12I, where I is an identity matrix,
only when the particle surface is discretized by planar triangular elements with constant
wave potential. For higher order boundary elements, the elements of matrix C should
be calculated according to the local geometry around the point l [112]. In the next
section, it will be shown that the elements of this matrix can be obtained indirectly
by the help of an auxiliary function.
The sound hard boundary condition is imposed at the surface of the rigid particle.
(v1 · n−) = ∂φ
∂n−
= 0 (3.26)
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denotes the incident wave velocity in the normal direction at point
Q. The scattered wave potential at the particle surface {φsc(Q)} is obtained by
substituting equation (3.27) to equation (3.25). The scattered wave potential at
any point in the acoustic domain {φsc(l)} can be obtained by substituting all the






to equation (3.22) and setting C = I.
The scattered wave velocity at any point in the acoustic domain {∇φsc(l)} can also
be obtained by substituting all the boundary solutions to the following equation.







3.1.2 Acoustic Scattering by a Compressible Particle
For the case of a compressible particle, two acoustic domains exist, as shown in Figure
3.2. In the exterior domain D+, there are incident and scattered waves. In the interior
domain D−, there is a transmitted wave which is denoted by φi. The fluid density and
speed of sound in the exterior domain D+ are denoted by ρ0 and c0, respectively. In the
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Figure 3.2: Acoustic scattering by a compressible (sound penetrable) particle.
interior domain D−, ρi and ci are used to denote the aforementioned two parameters.
Since the frequency of the waves ω in both domains are the same, the wavenumber
in the exterior domain is given by k0 = ω/c0, while the wavenumber in the interior
domain is given by ki = ω/ci. Furthermore, the shear wave inside particle is neglected.
For each domain, a system of equations that is similar to equation (3.25) can
be formulated. In this formulation, the unit normal vector of the exterior domain is
denoted by n−, which is pointing inward as shown in Figure 3.2. The unit normal
vector of the interior domain is denoted by n+ and it is pointing outward, as shown in
the same figure. It is noted that n− = −n+. For the exterior domain, the system of
equations for the scattered wave potential φsc is given by
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(ln, Qm)N em(ξ1, ξ2)J(ξ1, ξ2)dξ1dξ2. (3.31)
where Gk0(l, Q) =
e−ik0r(l,Q)
4pir(l, Q) . These equations are basically equations (3.23) and (3.24)
evaluated by using k0 and n−. Matrix C− is a diagonal matrix that contains the solid
angles of the surface elements with respect to the exterior domain. Similarly, for the
interior domain, the system of equations for the transmitted wave potential φi is given
by





















(ln, Qm)N em(ξ1, ξ2)J(ξ1, ξ2)dξ1dξ2. (3.34)
where Gki(l, Q) =
e−ikir(l,Q)
4pir(l, Q) . These equations are basically equations (3.23) and (3.24)
evaluated by using ki and n+. C+ is the diagonal matrix that contains the solid angles
of the surface elements with respect to the interior domain.
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Consider an artificial case where there is no particle so that both interior and
exterior domains share the same fluid medium. In this case, the incident wave potential
φin satisfies the boundary integral equation written for a surface enclosing the interior
domain. Therefore, the following system of equations can be formulated for φin.







The boundary conditions for a compressible particle are given by the continuity of
the exterior pressure p1|D+ and interior pressure p1|D− ,
p1|D+ = p1|D− , (3.36)








Since p1|D+ = −iρ0ω(φin + φsc) and p1|D− = −iρiωφi, equation (3.36) can be modified
into
ρ0(φin + φsc) = ρiφi. (3.38)
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Collecting all the terms related to the φsc to the left hand side and noting that




















































In the limit of ρ0
ρi
→ 0, equation (3.41) reduces to equation (3.27), which is the
boundary condition of the rigid particle. Therefore, the rigid particle considered in
this study corresponds to the rigid immovable particle.
The combination of equations (3.29) and (3.41) results in the final system of
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equations for the compressible particle which is given by
Kx = y, (3.42)
where the coefficient matrix K is given by
K =






(C+ + H+i ) Gi

, (3.43)




































[...]T denotes the transpose operation. Similar to the case of rigid particle, the scattered
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acoustic fields at any point in the exterior domain, {φsc(l)} and {∇φsc(l)}, can be
obtained by substituting vector x to equations (3.22) and (3.28), respectively.
The combination of equations (3.29) and (3.40) can also be used to form the
final system of equations for the compressible particle. However, it was found that
the solutions obtained by using this way contain error of about 1 % - 3 %. This
error becomes apparent for the case where the two acoustic domains have the same
properties (ρ0 = ρi and k0 = ki). For this case, the right hand side of equation (3.40)
yields to a small number which reflects the error instead of being zero. This error
could be due to the rounding error in the process of evaluating the elements of G and
H matrices. In order to eliminate this issue, equation (3.41) is used to form the final
system of equations. It can be seen that for the case where ρ0 = ρi and k0 = ki, the
right hand side of equation (3.41) is exactly zero.
3.2 Evaluation of Singular Integrals in G and H
Matrices
When point l is on the particle surface and it coincides with point Q, the standard
Gauss quadrature cannot be used to evaluate the integrals in equations (3.23) and
(3.24) since these two integrals are singular. This situation corresponds to the diagonal
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coefficients of G and H matrices in equations (3.25) and (3.43). The off-diagonal
coefficients of these matrices corresponds to the situation where point l does not
coincide with point Q; hence, the standard Gauss quadrature can be used to evaluate
these coefficients. In this section, techniques to evaluate the singular integrals in the
diagonal coefficients of G and H matrices will be discussed.
3.2.1 G Matrix
When point l is on the particle surface and it coincides with point Q, the integral in
equation (3.23) is a weakly singular integral (O(1/r)). In this study, Lachat-Watson
coordinate transformation [113] is used to regularize this integral. For simplicity, the
implementation of this technique for a planar triangular element with constant wave
potential is discussed first.
Figure 3.3: Planar triangular element with constant wave potential.
Figure 3.3 shows the planar triangular element with two intrinsic coordinates ξ1
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and ξ2. The wave potential is constant throughout the element and it is defined only
at the centroid of the element (point Q). The shape functions of this element can be







Gk (ξ1, ξ2) J(ξ1, ξ2)dξ1dξ2 (3.46)
where J(ξ1, ξ2) is the Jacobian. To regularize this integral, the element is divided into
three sub-elements, as shown in Figure 3.4. Then, each sub element is transformed
Figure 3.4: Coordinate transformation for planar triangular element with constant
wave potential.
into a planar rectangular element with intrinsic coordinates η1 and η2. For the first
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sub element (as shown in Figure 3.4), this transformation is given by
ξ1(η1, η2) = L1(η1, η2)(ξ1)1 + L2(η1, η2)(ξ1)2 +
[
L3(η1, η2) + L4(η1, η2)
]
(ξ1)p
ξ2(η1, η2) = L1(η1, η2)(ξ2)1 + L2(η1, η2)(ξ2)2 +
[




where L1(η1, η2), L2(η1, η2), L3(η1, η2), L4(η1, η2) are given by
L1(η1, η2) =
1
4 (1− η1) (1− η2)
L2(η1, η2) =
1
4 (1 + η1) (1− η2) (3.48)
L3(η1, η2) =
1
4 (1 + η1) (1 + η2)
L4(η1, η2) =
1
4 (1− η1) (1 + η2)












where q is the sub element counter and J ′(η1, η2) is the Jacobian from the transfor-
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mation. Since the point l is placed on the merged points 3 and 4, the lines η1 = −1
and η1 = 1 converge to the point l. This makes the Jacobian J ′(η1, η2) is of the order
r [113]; hence, the integral in the right hand side of equation (3.49) is regular. This
Figure 3.5: Coordinate transformation for curved triangular element with qaudratic
wave potential.
regularization technique can also be applied to higher order boundary elements, such as
linear and quadratic triangular elements. Figure 3.5 illustrates the implementation of
the Lachat-Watson transformation [113] for a curved triangular element with quadratic
wave potential. The shape functions of this element can be found in Appendix A. As
can be seen in Figure 3.5, for this boundary element, the singularity could occur at
the corner nodes (nodes 1,2,3) or at the edge nodes (nodes 4,5,6). For both cases, the
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element is divided into two sub elements. Each sub element is transformed to the
planar rectangular element so that the Jacobian J ′(η1, η2) can be obtained, similar to
the case of planar triangular element.
3.2.2 H Matrix
The integral in equation (3.24) is a strongly singular integral (O(1/r2)) when point l
coincides with point Q. For a planar triangular element, this integral can be written as







(ξ1, ξ2) J(ξ1, ξ2)dξ1dξ2 (3.50)
When points l and Q are in the same element, the normal vector n− is perpendicular
to the vector r(l, Q). Therefore, the strongly singular integral is zero since the dot
product of two vectors is zero. For a curved triangular element, this approach cannot
be used since the two vectors are not perpendicular each other in general. To overcome
this difficulty, an approach similar to the ’constant value subtraction’ method for
Laplace equation [114] would be used. In the Laplace problem, the final system of
equations can be written as






















(ln, Qm)N em(ξ1, ξ2)J(ξ1, ξ2)dξ1dξ2, (3.53)
where G0 (l, Q) is the Green’s function of the Laplace equation [114]. The simplest
problem that satisfies the Laplace equation is the case where the potential is constant
throughout the domain (ψ = c). Hence, by substituting this potential to equation
(3.51), we obtain
(C + A){c} = B {0} . (3.54)
Since the potential is the same for all element nodes, the diagonal coefficients of
(C + A) can be obtained from the summation of the non-diagonal coefficients of A




Anm for n,m = 1, 2, 3, ...,M ′ (3.55)
where n and m are the row and column counters, respectively. M ′ is the total number
of nodes. By using this method, the singular integral in the diagonal coefficients of A
matrix does not have to be evaluated directly.
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This approach is applied to evaluate the diagonal coefficients of the H matrix in
equations (3.25). However, as a constant does not satisfy the Helmholtz equation, an
auxiliary potential φa that satisfies the Helmholtz equation need to be defined. In
this study, this auxiliary potential is defined as
φa(x0,Q) =
e−ik|Q−x0|
| Q− x0 | (3.56)
where Q is the position vector of the field point and x0 is the position vector of a
point outside the acoustic domain to ensure that φa is not singular inside the acoustic
domain. It should be noted that other functions could also be used as the auxiliary
potential as long as the Helmholtz equation is satisfied. By substituting the auxiliary
















for n,m = 1, 2, 3, ...,M ′
where n and m are the row and column counters, respectively. M ′ is the total number
of nodes.
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3.3 Acoustic Radiation Force and Torque
The motion of the particle observed in the experiment does not represent the oscillatory
behaviour of the first order acoustic field, but it is the result of the time-averaged
radiation force over a full oscillation period [87]. Since the time average of the first
order acoustic field vanishes, the time-averaged, second order continuity equation and
Euler’s equation of motion are needed to formulate the acoustic radiation force and
torque.





= −∇ · 〈ρv〉 , (3.58)
where 〈...〉 denotes the time average operator. Substituting equations (3.3) and (3.5)
to the time-averaged continuity equation yields
〈
∂ (ρ0 + ρ1 + ρ2)
∂t
〉
= −∇ · 〈(ρ0 + ρ1) (v1 + v2)〉 . (3.59)
It is noted that the terms with order higher than the second order terms are neglected
in equation (3.59). Since
〈
∂ (ρ0 + ρ1 + ρ2)
∂t
〉
= 0, the time-averaged second order
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continuity equation is given by
ρ0∇ · 〈v2〉 = −∇ · 〈ρ1v1〉 . (3.60)






+ 〈ρ (v · ∇)v〉 = −∇〈p〉 . (3.61)
Substituting equations (3.3), (3.4), and (3.5) to the time-averaged Euler’s equation of
motion and neglect the terms with order higher than the second order terms yield the






+ ρ0 〈(v1 · ∇)v1〉 = −∇〈p2〉 . (3.62)
The acoustic radiation force acting on the particle is given by the integration over
the particle surface of the time-averaged, second order radiation stress 〈σ2〉 subtracted
by the time-averaged, second order momentum flux ρ0 〈v1 ⊗ v1〉 (also known as the




[〈σ2〉 − ρo 〈v1 ⊗ v1〉] · n+ dΓ (3.63)
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In equation (3.63), n+ denotes the normal vector of the particle surface pointing






[〈σ2〉 − ρo 〈v1 ⊗ v1〉] · n+
)
dΓ, (3.64)
where r is the position vector from the particle centre. For the inviscid fluid, the
time-averaged, second order radiation stress tensor 〈σ2〉 is given by
〈σ2〉 = −〈p2〉I, (3.65)
where I is an identity matrix. The time-averaged, second order pressure 〈p2〉 can be












〈p1∇p1〉+ ρ0 〈(v1 · ∇)v1〉 = −∇〈p2〉 . (3.67)
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= −∇〈p2〉 . (3.70)
Therefore, the time-averaged, second order pressure is given by




2 〈| v1 |
2〉, (3.71)






The conservation of linear and angular momentums in the fluid bulk allow the
integrals in equations (3.63) and (3.64) to be evaluated over any surface encapsulating
the particle. In this study, these two integrals are evaluated on the surface of a fictitious
sphere that encapsulates the particle, as shown in Figure 3.6. This sphere is formed by
a set of Gauss points (green) located in the acoustic domain. The first order acoustic
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Figure 3.6: Fictitious sphere encapsulating the particle (blue). The fictitious sphere
is formed by a set of Gauss points (green) in the acoustic domain.
fields (p1 and v1) at these points are obtained from the boundary element method,
since they are related to the scattered wave potential φsc.
p1 = −iρ0ωφ = −iρ0ω (φin + φsc) (3.72)
v1 = ∇φ = ∇φin +∇φsc (3.73)
Chapter 4
Acoustic Radiation Force and Torque on a
Particle Subjected to a Plane Standing
Wave
In this chapter, the boundary element model is used to calculate the acoustic radiation
force and torque acting on non-spherical particles, such as spheroid and cylinder with
hemisphere caps, subjected to a plane standing wave. The surface of the particles is
discretized by using curved triangular elements with quadratic wave potential. The
aspect ratio and orientation of the particle are varied (non-axisymmetric configuration)
and the effects on the radiation force and torque are analyzed. The results presented
in the first two sections of this chapter have been reported in publication [a].
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4.1 Force and Torque on a Rigid Spheroid
Numerical results of the radiation force and torque on a rigid spheroid are presented
in this section. It is noted the rigid spheroid considered in this section corresponds to
the rigid immovable particle, where the material density of the particle is much larger
than the density of the fluid medium, in King’s study [77]. The sectional view of the








Figure 4.1: Rigid spheroid subjected to a plane standing wave. The aspect ratio of
the spheroid is given b/c and orientation angle α is positive in the counter clockwise
direction.
while z0 denotes the distance of the spheroid center from the pressure node (z0 = 0).




cos(kz + pi2 ) (4.1)
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where P0 is the pressure amplitude of the standing wave. The aspect ratio of the
spheroid b/c is varied while its volume is kept to be the same as the volume of a sphere
with ka = pi/50, where a is the radius of the sphere. The orientation angle α is varied
from 00 to 900.
The acoustic radiation force acting on a particle subjected to an acoustic standing
wave can be formulated as
Fst = Estpia2 (Yst,xex + Yst,yey + Yst,zez) (4.2)
where the energy density of the acoustic standing wave Est = P 20 /4ρ0c20. Subscript
“st” refers to standing wave. The non-dimensional force functions in x-, y-, and z-







































Figure 4.2: (a) Comparison with Marston’s solution [1] for α = 00. (b) Non-
dimensional force function Yst,z of a rigid spheroid for different values of b/c and
α.
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For a rigid immovable spheroid, the analytical formula of Yst,z for α = 00 has been











sin (2kz + pi) , s = c/b− 1 (4.3)
where Vs denotes the volume of the spheroid and s is the spheroid eccentricity. For
verification, the radiation force on spheroids of different b/c is calculated by using the
boundary element model for α = 00 and z0 = λ/8, where λ denotes the wavelength.
The results are compared with the results obtained from equation (4.3) in the form of




As can be seen in Figure 4.2(a), the error decreases as the number of degrees of
freedom (DOF) increases. Maximum error of about 0.2% is obtained for b/c = 2.0
at 6000 DOF. The computational time needed to achieve this accuracy is about 30
minutes on a personal computer with a 2.67 GHz Intel Xeon X5650 CPU (12 GB
RAM).
Figure 4.2(b) shows the force function Yst,z of the spheroid for different values of
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b/c and α. It is noted that Yst,x = 0 and Yst,y = 0. Despite the size of the spheroid is
much smaller than the wavelength, the orientation of the spheroid with respect to the
wave direction α could have significant effect on the magnitude of force. For example,
Yst,z of the oblate spheroid with b/c = 0.5 decreases by 26 % as α increases to 900.
This indicates that the use of Marston’s formula [1] in the experiment could result in
an erroneous result since the particle orientation might deviate from α = 00. It can
also be observed that there is a difference in the variation of Yst,z between the oblate
(b/c < 1) and the prolate (b/c > 1) spheroids. The force function Yst,z of the oblate
spheroids decreases as α increases, and vice versa for the prolate spheroids.
Figure 4.3: Evolution of projected area of a prolate spheroid in the pressure nodal
plane.
Figure 4.3 shows the evolution of the projected area of a prolate spheroid in the
pressure nodal plane (XY-plane). As can be seen, the projected area of the prolate
spheroid changes from a circle with radius c to an ellipse with axis c and b (b > c) as
α increases to 900. By correlating this illustration with the results showed in Figure
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4.2(b), one could conclude that the radiation force reaches its maximum when the
spheroid has the largest projected area in the pressure nodal plane (XY-plane). The
maximum radiation force is found at α = 00 and α = 900 for oblate and prolate
spheroids, respectively.
The acoustic radiation torque acting on a non-spherical particle subjected to an
acoustic standing wave can be formulated as
Tst = Estpia3 (Nst,xex +Nst,yey +Nst,zez) (4.5)
where the non-dimensional torque functions in x-, y-, and z- directions are denoted
by Nst,x, Nst,y, and Nst,z, respectively. For a rigid movable spheroid, an analytical
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where ρs denotes the mass density of the spheroid, k3 denotes the added mass coefficient
in the direction parallel to the axisymmetric line of the spheroid, and k1 denotes the
added mass coefficient in the direction perpendicular to the axisymmetric line.
Radiation torque Nst,y on rigid spheroids of different b/c for α = 450 and z0 = 0
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Figure 4.4: (a) Comparison with Fan’s solution [2] for α = 450. (b) Non-dimensional
torque function Nst,y of a fixed rigid spheroid for different values of b/c and α.
(pressure node) are calculated by using the boundary element model and compared
with the results obtained from equation (4.6) in the limit of ρs
ρ0
→∞. The comparison




As can be seen from Figure 4.4(a), the percentage error decreases as the number of
degrees of freedoms increases. Moreover, ∆T tends to converge to a value of about 1
%. This 1 % gap could be due to applying the limit of ρs
ρ0
→∞ to Fan’s solution [2].
Figure 4.4(b) shows the radiation torque Nst,y for different values of b/c and α. It
is noted that Nst,x = 0 and Nst,z = 0. From this figure, it can be seen that Nst,y is
negative for oblate spheroids (b/c < 1), and positive for prolate spheroids (b/c > 1).
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Consequently, for any arbitrary α, the torque tends to rotate the oblate spheroid back
to α = 00 and prolate spheroid towards α = 900. These values of α are the stable
orientation angles of oblate and prolate spheroids, where the radiation torque is zero.
If the spheroid is allowed to move towards the pressure node (z0 6= 0), the spheroid
will also settle in this stable orientation angle when it reaches the pressure node.
































Figure 4.5: Radiation force functions of (a) oblate spheroid (b/c = 0.7) and (b)
prolate spheroid (b/c = 1.4) for different value of ka.
As discussed in Chapter 2, equations (4.3) and (4.6) are only valid when the particle
size is much smaller than the wavelength (ka <<) due to the truncation of the series
expansion up to dipole terms [1,2]. To illustrate this limitation, the boundary element
model is used to calculate Yst,z and Nst,y for larger values of ka. Figure 4.5 shows Yst,z
of oblate (b/c = 0.7) and prolate (b/c = 1.4) spheroids calculated for different values
of ka. A significant difference between the BEM result and Marston’s solution [1]
can be observed for ka > 0.5. It is also noted that the result obtained from using
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more multipole coefficients [108], up to 10 terms, matches well with BEM result for all
values of ka. As reported by Lim and Sepehrirahnama [108], the multipole expansion
method can be used for spheroids with small eccentricity, which are true for the current
cases. Figure 4.6 shows Nst,y of oblate (b/c = 0.8) and prolate (b/c = 1.5) spheroids

































Figure 4.6: Radiation torque functions of (a) oblate spheroid (b/c = 0.8) and (b)
prolate spheroid (b/c = 1.5) for different value of ka.
calculated for different values of ka. Similar to the force result, the torque obtained
from the boundary element model deviates significantly from Fan’s solution [2] for
ka > 0.2.
4.2 Force and Torque on a Rigid Cylinder
In order to demonstrate the capability of the boundary element model in calculating
force an torque on arbitrary shapes, the radiation force and torque acting on a rigid
cylinder with hemisphere caps are calculated in this section. Similar to the previous
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section, it is assumed that the material density of the cylinder is much larger than the








Figure 4.7: Rigid cylinder subjected to a plane standing wave. The aspect ratio of
the cylinder is given b/c and orientation angle α is positive in the counter clockwise
direction.
aspect ratio of the cylinder b/c is varied while its volume is kept to be the same as the
volume of a sphere with ka = pi/50. The orientation angle α is varied from 00 to 900,
similar to the spheroid.
Figure 4.8(a) shows the Yst,z of the cylinder (z0 = λ/8) calculated for different
values of α and b/c. As can be seen, Yst,z increases as α increases similar to the case
of prolate spheroid. Figure 4.8(b) shows the Nst,y of the cylinder (z0 = 0) calculated
for different values of α and b/c. Similar to the prolate spheroid, the cylinder rotates
in counter clockwise direction and reaches equilibrium at α = 900 due to the positive
torque. This result provides an explanation to the experimental results reported by
Yamahira et al. [115] in 2000. It was observed that polystyrene fibers subjected to
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Figure 4.8: (a) Radiation force function and (b) radiation torque function of the
rigid cylinder for different values of α and b/c.
an acoustic standing wave were oriented parallel to the pressure node plane as they
settled on this plane. From our model, the radiation force and torque acting on the
fibers can be predicted. The radiation force pushed the fibers towards the pressure
node, and the radiation torque rotated the fibers to an orientation of α = 900, which
is the stable orientation angle of the fibers.
4.3 Force and Torque on a Compressible Spheroid
In this section, numerical results of the radiation force and torque on a compressible
spheroid are presented. From these results, the effect of material properties on the
radiation force and torque is analyzed.
First, the boundary element model is verified for the case of a compressible sphere
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subjected to a plane standing wave. Figure 4.9 illustrates this problem. The sphere is
subjected to the plane standing wave defined in equation (4.1). The density and speed
of sound of the sphere are denoted by ρi and ci, respectively. The size of the sphere is
given by ka = pi/50.
Figure 4.9: A compressible sphere subjected to a plane standing wave. The density
and speed of sound of the sphere are denoted by ρi and ci, respectively.
For a small compressible sphere, the analytical solution of Yst,z has been reported
by Yosioka and Kawasima [3]:
Yst,z = 4(ka)γ sin(2kz + pi) (4.8)
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where the acoustic contrast factor γ is defined as
γ = 13
[5ς − 2











In equation 4.9, ς and Ω denote the density ratio and compressibility ratio, respectively.
Figure 4.10(a) shows the percentage error of force ∆F with respect to the Yosioka’s
solution [3]. Similar to the results of rigid particles, ∆F decreases to less than 0.1 % as
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Figure 4.10: (a) Comparison with Yosioka’s solution [3]. (b) Line of zero force for a
compressible sphere.
zero force of a compressible sphere obtained by solving the roots of equation (4.9). For
spheres with ς and Ω in the right of and below this line, the acoustic contrast factor
γ is positive; hence, they move towards the pressure node due to the radiation force.
On contrary, spheres with ς and Ω in the left of and above this line move towards the
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pressure antinode due to the negative γ. It is noted that a rigid particle (ς →∞ and
Ω→ 0) has positive γ.
After this verification, the boundary element method is used to calculate radiation
force and torque acting on the spheroid, shown in Figure 4.2, for different values of
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Force on Spheroid (b/c = 2.0)
 
 














Figure 4.11: Line of zero force of (a) oblate (b/c = 0.5) and (b) prolate (b/c = 2.0)
spheroids.
From the results of force calculation, the lines of zero force of oblate and prolate
spheroids can be approximated. Figure 4.11 shows the approximated lines of zero
force of oblate (b/c = 0.5) and prolate (b/c = 2.0) spheroids. The line of zero force of
the sphere is re-plotted as a dashed line in this figure. It can be observed that this
line nearly coincides with the approximated lines of both oblate and prolate spheroids,
particularly in the range of 0.7 6 ς 6 1.2 and 0.7 6 Ω 6 1.2. In the context of
biological cell manipulation, this finding suggests that the effect of cell shape to the
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radiation force is insignificant if the properties of the cell are close to the properties
of the fluid. Consequently, cell separation based on shape may not be possible since
most biological cells have properties close to the properties of water, that is commonly
used as surrounding fluid in the actual experiments. It is noted that this implication
has been reported in the previous study by Glynne-Jones et al. [109].
From different point of view, this finding indicates that it might be possible to
approximate the magnitude of radiation force on non-spherical cells using Yosioka’s
formula [3]. Such approximation is often done in the actual experiments. For example,
in the study done by Hartono et al. [5], Yosioka’s formula [3] was used although
the shape of the cell was not sphere. To obtain better insight into the accuracy of
such approximation, the radiation force on the compressible spheroid is compared
with the force on the compressible sphere for different values of b/c and α. The
properties of both sphere and spheroid are given by ς = 1.1 and Ω = 0.71, which are
the approximated properties of red blood cell [5, 6]. The percentage difference of the





The comparison result is shown in Figure 4.12(a). As can be seen, Yosioka’s formula [3]
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can be used to approximate the force on the spheroids with a maximum error of about
0.6 % for 0.5 6 b/c 6 2.0. This error is much lower than the error for rigid case,


















































Figure 4.12: Comparison of force between spheroid and sphere for (a) compressible
case and (b) rigid case.
shown in Figure 4.12(b). When the sphere and spheroid are rigid, the maximum error
increases up to 20 % for b/c = 0.5. Figure 4.12(a) also indicates that the orientation
of the cell has a little effect on the radiation force when the properties of the cell are
close to the properties of the surrounding fluid (ς ≈ 1.0).







































Figure 4.13: Radiation torque function of (a) oblate (b/c = 0.5) and (b) prolate
(b/c = 2.0) spheroids for different values of ς and Ω.
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The effect of material properties on the radiation torque is also investigated in this
section. Figure 4.13 shows the Nst,y for oblate and prolate spheroids calculated for
α = 450 and different values of ς and Ω. It can be seen that the magnitude of the
torque is invariant of the compressibility ratio Ω. Moreover, the direction of the torque
is independent from the material properties. Similar to the results of rigid particle,
the oblate spheroid experiences negative torque while the prolate spheroid experiences
positive torque.
4.4 Summary
In this chapter, the boundary element model is used to calculate the radiation force and
torque on non-spherical particles subjected to a plane standing wave. For the case of a
rigid particle, the results of force calculation show that the radiation force changes as
the orientation of the particle with respect to the wave propagation direction changes.
The radiation force is maximum when the particle has the largest projected area in
the pressure nodal plane. The results of torque calculation show that the radiation
torque is zero when the particle is in the axisymmetric configurations (α = 00 and
α = 900). The direction of the radiation torque indicates that the stable orientation of
the particle is the position/orientation in which the radiation force is maximum.
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For the case of a compressible particle, the results of force calculation for a
compressible spheroid show that the shape and orientation of the spheroid have
insignificant effects to the magnitude and direction of the radiation force when the
acoustic properties of the particle are close to those of the fluid medium. This implies
that particle separation based on shape may not be possible for this case. The results
of torque calculation show that the direction of the torque is independent from the
material properties of the particle. The magnitude of the torque depends only on the
particle density.
Chapter 5
Acoustic Radiation Force and Torque on a
Particle Subjected to a Bessel Beam
In this chapter, the boundary element model is used to calculate radiation force and
torque due to a zero-order Bessel beam for three different cases: (1) rigid spheroid
on the beam axis, (2) compressible spheroid on the beam axis, and (3) rigid spheroid
offset from the beam axis. The surface of the spheroid is discretized by using curve
triangular elements with quadratic wave potential. For case (1) and case (2), the
orientation of the spheroid with respect to the beam axis is varied (non-axisymmetric
configuration) and its effect on the radiation force and torque is analyzed. For the last
case, the effect of the spheroid aspect ratio to the transverse stability of the spheroid is
analyzed. The results presented in this chapter have been reported in publication [c].
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5.1 Spheroid on the Beam Axis
In this section, the calculation results of force and torque on a spheroid that lies on the
beam axis (as shown in Figure 5.1) are presented. The incident wave is the zero-order
Bessel beam which is defined mathematically as
φin(z, R) = φ0J0(kRsinβ)e−ikzcosβ, (5.1)
where φ0 denotes the velocity potential amplitude of the beam, k is the wavenumber,
R is the radial distance from the beam axis, J0(kr) is the zero-order Bessel function,
and β denotes the beam cone angle. The orientation of the spheroid with respect to
the beam axis is denoted by α.
Figure 5.1: Spheroid subjected to a zero-order Bessel beam. The aspect ratio of the
spheroid is given b/c. The orientation angle of the spheroid with respect to the beam
axis is denoted by α.
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The Bessel beam defined in equation (5.1) may be represented by a superposition
of plane waves, the wavevector (propagation direction) of which has an angle β with
respect to z-axis [4], as shown in the Figure 5.2(a). The effect of this angle to the
profile of the Bessel beam is illustrated in Figure 5.2(b).


















Figure 5.2: (a) Schematic of beam cone angle β [4]. (b) Zero-Order Bessel beam
profile for different values of β.
The acoustic radiation force acting on a particle subjected to an acoustic beam
can be defined as [102]
Fp = Eppia2 (Yp,xex + Yp,yey + Yp,zez) (5.2)
where the energy density of the acoustic beam Ep =
ρ0k
2φ2o
2 and a denotes the radius of
a sphere that has the same volume as the particle. Subscript “p” refers to progressive
wave. The non-dimensional force functions in x-, y-, and z- directions are denoted
by Yp,x, Yp,y, and Yp,z, respectively. These non-dimensional force functions can be
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Similarly, the radiation torque can be defined as
Tp = Eppia3 (Np,xex +Np,yey +Np,zez) (5.6)
where the non-dimensional torque functions in x-, y-, and z- directions are denoted
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5.1.1 Rigid Spheroid
In this subsection, the effects of the aspect ratio b/c and the angle α on the force and
torque acting on a rigid spheroid are discussed. Figure 5.3 shows the axial radiation
force Yp,z acting on a rigid sphere (b/c = 1.0) and a rigid spheroid (b/c = 1.5) for
different values of kc and β. It is noted that α = 00 for the spheroid. The solid
lines represent the results obtained from the boundary element model, while Mitri’s
results [102] are represented by the circles. Good agreement between the results from
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Force on Rigid Spheroid (b/c = 1.5)
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Figure 5.3: Axial radiation force Yp,z acting on (a) rigid sphere (b/c = 1.0) and (b)
rigid spheroid (b/c = 1.5) calculated for different values of kc and β. The value of α is
zero for the spheroid.
the boundary element model and Mitri’s results [102] can be observed for both the
sphere and the spheroid. For both shapes, it can be seen that Yp,z is positive for all
values of kc and β. This implies that the axial force acting on a rigid particle is always
in the same direction as the beam propagation. The magnitude of the axial force
decreases as the cone angle β increases.
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Figure 5.4: (a) Axial radiation force Yp,z, (b) transverse radiation force Yp,x, and (c)
radiation torque in the y-direction Np,y on the rigid spheroid (b/c = 1.5) calculated for
different values of α and β. The size parameter of the spheroid is given by kc = 1.0.
Figure 5.4 shows the forces and torque acting on the spheroid (b/c = 1.5) for
different values of α and β. The size of the spheroid is given by kc = 1.0. No acoustic
radiation force in the y-direction acting on the spheroid (Yp,y = 0). Furthermore, there
is only radiation torque in the y-direction (Np,x = 0 and Np,z = 0). In Figure 5.4(a),
it can be seen that for all values of α, the axial force Yp,z decreases with β. This is
consistent with the results in Figure 5.3. When β is fixed, it can be seen that Yp,z
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increases as the value of α increases. Similar to the case of plane standing wave, this
could be due to the increase in the projected area of the spheroid in the XY-plane.
For β = 900, Yp,z = 0 since the Bessel beam does not propagates in this case.
Figure 5.4(b) shows the transverse force Yp,x acting on the prolate spheroid for
different values of α and β. It is noted that Yp,x = 0 for α = 00 and α = 900 due to the
symmetry of the problem. For other values of α, as can be seen from Figure 5.4(b),
Yp,x 6= 0 and decreases with β. The maximum Yp,x is experienced by the spheroid
when α = 450. If the spheroid is movable, the spheroid will depart from the beam axis
due to this transverse force.
Figure 5.4(c) shows the radiation torque Np,y for different values of β and α. It is
noted that for α = 00 and α = 900, the value of Np,y is zero due to the symmetry of
the problem. For other values of α, it can be seen that the radiation torque decreases
as the beam cone angle β increases from 00 to 900. The largest radiation torque
is experienced by the spheroid at α = 450. Furthermore, the stable orientation of
the spheroid is α = 900 since Np,y is always positive. This is consistent with results
reported in the previous chapter for the case of a prolate spheroid subjected to a plane
standing wave.
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5.1.2 Compressible Spheroid
In this subsection, the effects of the aspect ratio b/c and angle α on the force and
torque acting on a compressible spheroid are discussed. The material of the spheroid
is assumed to be hexane with density ratio ρi/ρ0 = 0.719 and ratio of speed of sound
ci/c0 = 0.656, with respect to the density and speed of sound of water. The size of the
spheroid is given by kc = 1.0.
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Figure 5.5: (a) Axial radiation force Yp,z acting on a hexane sphere (b/c = 1.0) for
different values of kc and β. (b) Axial raidation force Yp,z on hexane spheroids with
different b/c for different values of kc and β = 600. The value of α is zero for the
spheroids.
Axial radiation force on a hexane sphere has been reported by Marston [4]. The
boundary element model is used to calculate the axial force on a hexane sphere and
the results are compared with Marston’s results [4] in Figure 5.5(a). Good agreement
between the results from the boundary element model and Marston’s results [4] can
be observed. Similar to the case of a rigid sphere, the axial force Yp,z decreases with
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β. For β = 600, it can be observed that Yp,z is negative for kc ≈ 2.0. When Yp,z is
negative, the axial force is in the opposite direction to the beam propagation. For
different material properties (ρi/ρ0 and ci/c0), it has been reported that the negative
force on a sphere is found at different values of kc and β [116].
In Figure 5.5(b), the axial forces acting on an oblate hexane spheroid (b/c = 0.67)
and a prolate hexane spheroid (b/c = 1.5) are plotted together with the force on the
hexane sphere for different values of kc and β = 600. It can be seen that the value
of kc, in which Yp,z is negative, changes with the aspect ratio of the spheroid. The
axial force on the oblate spheroid (b/c = 0.67) is negative for kc ≈ 2.7, while the axial
force on the prolate spheroid (b/c = 1.5) is positive for all tested kc. This indicates
that the values of kc and β, in which the axial force is negative, depend also on the
particle shape.
Figure 5.6 shows the forces and torque acting on the prolate hexane spheroid
(b/c = 1.5) for different values of α and β. Similar to the case of rigid spheroid,
Yp,y = 0 and there is only radiation torque in the y-direction. The size of the spheroid
is given by kc = 1.0. As can be seen in Figure 5.6(a), the axial force Yp,z acting on the
hexane spheroid changes with β and α in a similar manner to the axial force on the
rigid spheroid. However, the transverse force Yp,x and the torque Np,y show a different
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Figure 5.6: (a) Axial radiation force Yp,z, (b) transverse radiation force Yp,x, and (c)
radiation torque in the y-direction Np,y on the hexane spheroid (b/c = 1.5) calculated
for different values of α and β. The size parameter of the spheroid is given by kc = 1.0.
pattern than the transverse force and torque on the rigid spheroid. As can be seen in
Figures 5.6(b) and 5.6(c), the directions of the transverse force and torque change as
the beam cone angle β increases. This indicates that, unlike the case of rigid spheroid,
there are some values of β where the hexane spheroid with 00 < α < 900 would stay
at the beam axis due to the zero transverse force. The change in the direction of the
torque indicates that the stable orientation angle of the hexane spheroid depends on
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the beam cone angle.
To have a better insight about the change in the direction of the transverse force Yp,x,
the distribution of acoustic tractions in the x-direction at the surface of the spheroid
is analyzed qualitatively. Figure 5.7 shows the distribution of acoustic tractions in the
x-direction at the spheroid surface. In this figure, the red color represents the positive
traction, while the blue color represents the negative traction.
(a) (b)
Figure 5.7: Distribution of acoustic tractions in the x-direction at the surface of the
hexane spheroid (α = 150) for (a) β = 200 and (b) β = 800.
For β = 200 (Figure 5.7(a)), the magnitude of the maximum negative traction
−τx,max is larger than the magnitude of the maximum positive traction +τx,max.
Moreover, it can be seen that more negative tractions (blue color) acting on the
spheroid for this value of β. Therefore, it could be predicted that the resultant force
in the x-direction is negative for β = 200 (as shown in Figure 5.6(b)).
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For β = 800 (Figure 5.7(b)), the magnitude of the −τx,max is slightly lower than
the magnitude of +τx,max. However, it can be seen that the region of the positive
tractions is comparable to the region of the negative tractions. Hence, it could be
predicted that the resultant force in the x-direction is positive but small for β = 800
(as shown in Figure 5.6(b)).
5.2 Spheroid Offset from the Beam Axis
Figure 5.8: Spheroid offset from the beam axis. x0 denotes the distance of the
spheroid from the beam axis in the transverse plane.
In this section, the calculation results of force and torque acting on a rigid spheroid
that is placed outside the beam axis (as shown in Figure 5.8) are presented. The
distance between the spheroid center and the beam axis is denoted by x0. The
orientation of the spheroid α = 00 and the size of the spheroid is given by kc = 1.0.
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The spheroid is subjected to the zero-order Bessel beam given by equation (5.1).






















Figure 5.9: Axial force Yp,z on a sphere (b/c = 1.0) and a prolate spheroid (b/c = 1.5)
calculated for different values of normalized transverse distance kx0sin(β) and β = 300.
Figure 5.9 shows the axial force Yp,z experienced by a sphere (b/c = 1.0) and a
prolate spheroid (b/c = 1.5), when they are placed outside the beam axis. The axial
force Yp,z is calculated for different values of normalized transverse distance kx0sin(β).
The upper panel shows the Bessel beam profile and the lower panel shows the value
of the axial force. As can be seen, Yp,z decays as the transverse distance x0 increases.
This is consistent with that reported by Silva [97]. For both sphere and spheroid,
the maxima of the axial force correspond to the extrema of the Bessel beam profile.
Moreover, the zero points of Bessel beam correspond to the minima of the axial force.
Figure 5.10 shows the transverse force Yp,x on the sphere (b/c = 1.0) and the prolate
spheroid (b/c = 1.5) calculated by varying the transverse distance kx0sin(β). As can
be seen, the direction of the transverse force alternates as the transverse distance
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increases. Consequently, there are several positions where the sphere and spheroid are
in the stable equilibrium condition. These stable equilibrium positions are the points
where the slope 4Yp,x/k4x0sin(β) is negative. It is worth noting that the stable
equilibrium positions of a sphere may be different than those of a prolate spheroid.
For example, it can be observed that the center point of the beam (x0 = 0) is the










































Figure 5.10: Transverse force Yp,x on (a) sphere (b/c = 1.0) and (b) prolate spheroid
(b/c = 1.5) calculated for different values of normalized transverse distance kx0sin(β)
and β = 300. The stable equilibrium positions are denoted by the square black dots.
stable equilibrium position of the sphere (as shown in Figure 5.10(a)). On the other
hand, this point is the unstable equilibrium position for the prolate spheroid (as shown
in Figure 5.10(b)). This finding indicates that the zero-order Bessel beam can be used
to separate spheroids of different aspect ratios.
This hypothesis is supported by the results shown in Figure 5.11(a). For β = 300,
different stable equilibrium positions are obtained for various aspect ratios of spheroid.
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However, this does not happen for β = 600. It can be seen from Figure 5.11(b) that






































Figure 5.11: Transverse force Yp,x on spheroids of different aspect ratios b/c calculated
for (a) β = 300 and (b) β = 600.
the change in the aspect ratio seems to have an insignificant effect on the stable
equilibrium position for this value of β. This result might imply that shape-based
separation using the zero-order Bessel beam could be realized only for certain values of
β. Similar to the case of negative axial force, the size of the spheroid kc could also be
an important parameter in this separation technique. Figure 5.12 shows the radiation
torque Np,y experienced by the prolate spheroid (b/c = 1.5) for different values of x0.
Similar to the transverse force, the direction of the torque alternates as x0 increases.
Consequently, if the spheroid is free to move, the rotational movement of the spheroid
changes as its position with respect to the beam axis changes. This is illustrated by
Figure 5.13. In this figure, it can be seen that, for the region of kx0sin(β) < 2.7, the
spheroid rotates in the counterclockwise direction due to the negative torque (Figure
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Figure 5.12: Radiation torque Np,y on the prolate spheroid (b/c = 1.5) calculated
for different values of normalized transverse distance kx0sin(β) and β = 300. The zero
points of the torque are denoted by the square black dots.
Figure 5.13: Illustration of radiation forces and torque acting on the prolate spheroid
(b/c = 3/2) placed near the second zero point of the torque (kx0sin(β) ≈ 2.7).
5.12). On the other hand, for the region of kx0sin(β) > 2.7, the spheroid rotates in
the clockwise direction due to the positive torque (Figure 5.12). Moreover, for both
regions, the transverse force acting on the spheroid is negative.
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5.3 Summary
In this chapter, the boundary element model is used to calculate the radiation force
and torque on a spheroid subjected to an ideal zero-order Bessel beam. In the first case
where the spheroid is rigid and placed at the beam axis, the results of force calculation
show that the spheroid experiences both axial and transverse forces when it is not in
the axisymmetric configuration. The transverse force indicates that the spheroid may
move away from the beam axis. When the spheroid is assumed to compressible, the
results of force calculation show that the value of kc, where the negative axial force
occurs, changes when the aspect ratio of the spheroid changes. This finding indicates
that shape of the particle affects the performance of Bessel beam as an “acoustic
tractor”. In the last case where the spheroid is assumed to rigid and placed at certain
distance away from the beam axis, the results of transverse force calculation show the
potential of the Bessel beam for particle separation based on shape. When β and kc
are properly set, the condition where spheroids of different aspect ratios have different
stable equilibrium positions can be achieved.

Chapter 6
Interparticle Force and Torque on a Pair
of Spheroids in a Plane Standing Wave
The movement of the particles in acoustophoresis is driven by the acoustic radiation
force acting on the particles. Particles with positive contrast factor γ tend to ag-
glomerate once they are pushed by the radiation force to the vicinity of the pressure
node. The main driving force for this agglomeration is the interparticle force. In this
chapter, the boundary element model is used to calculate the interparticle force and
torque acting on a pair of rigid spheroids which are subjected to an acoustic standing
wave. The dependence of the interparticle force and torque in various factors, such as
the initial orientation of each particle α, inclination angle of the pair with respect to
the wave direction θ, and their center-to-center distance L is analysed. The results
presented in this chapter has been submitted to Journal of the Acoustical Society of
America (publication [e]).
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6.1 Fictitious Sphere for Calculation of Interparti-
cle Force and Torque
When two or more particles are present in the acoustic domain, the total force acting
on each particle is given by the summation of the radiation force (also known as the
primary force) and the interparticle force. Similarly, the total torque is given by the
summation of the radiation torque (primary torque) and the interparticle torque. The
total force and torque acting on a target particle can be obtained by performing the
integrations of the force and torque over the surface of a fictitious sphere that encloses
the target particle, as illustrated in Figure 6.1.
x
y z
Figure 6.1: Illustration of the fictitious sphere for the interparticle force and torque
calculation on a pair of spheroids.
Let’s call the target particle enclosed by the fictitious sphere as the pth particle
and the other particle as qth particle. The total force acting on the pth particle Ftot(p)
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is a function of the incident wave φin, the scattered wave of the pth particle φ(p)sc ,






to Ftot(p) are zero since these terms do not contain any singularity at the pth






, which represents the self-interaction
of the scattered wave φ(p)sc , to Ftot(p) is negligible [117, 118]. Therefore, by keeping
only the significant terms, the total force and torque acting on the pth particle can be
expanded as follows
Ftot(p) = F(p)is + F(p)(q)ss , (6.1)
Ttot(p) = T(p)is +T(p)(q)ss . (6.2)
F(p)is and T
(p)
is are the primary radiation force and torque, respectively, which result






. F(p)(q)ss and T(p)(q)ss are the interparticle force and torque which result from








In the following sections, these formulations will be used to calculate the inter-
particle force and torque for the cases of a pair of rigid spheres and a pair of rigid
spheroids subjected to an acoustic standing wave. The primary radiation force and
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torque are denoted by Fst and Tst, which have been defined in Chapter 4, respectively.
The interparticle force and torque are denoted by Fint and Tint, respectively.
6.2 Interparticle Force on a Pair of Rigid Spheres
Interparticle force acting on a pair of rigid spheres placed near the pressure node (as
shown in Figure 6.2) are calculated by using the boundary element model. The surface
of each sphere is discretized by using curved triangular elements with quadratic wave























Figure 6.2: Illustration of the problem setup for a pair of rigid spheres.
previous studies [117–119]. The purpose of this calculation is to verify the boundary
element model. The results are reported in terms of non-dimensional force functions
Yint,r and Yint,θ, which are defined as
Fint = pia2Est (Yint,rer + Yint,θeθ) (6.3)
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where a denotes the radius of the spheres and Est denotes the energy density of the
acoustic standing wave. Unit vectors in radial and tangential directions are denoted
by er and eθ, respectively, as shown in Figure 6.2. The coordinate system is placed at
the center of sphere 2 and the interparticle force is calculated for the sphere 1. The
spheres are subjected to the plane standing wave φin(z) given by equation (4.1) in
Chapter 4. The size of each sphere is given by ka = pi/50 and the spheres are placed
symmetrically with respect to the pressure nodal plane (XY-plane). The distance












Radial Force on Sphere 1
 
 
Multipole [117] (L/a = 3.0)
Multipole [117] (L/a = 3.5)
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Tangential Force on Sphere 1
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BEM (L/a = 3.5)
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(a) (b)
Figure 6.3: Interparticle force on sphere 1 calculated for different values of L and θ:
(a) radial component and (b) tangential component.
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between the centers of the spheres is denoted by L. The radial line that connects the
centers of the two spheres has an inclination angle θ with respect to the z-axis. This
angle is positive in the counter clockwise direction, as shown in Figure 6.2.
Figure 6.3 shows the radial and tangential components of the interparticle force
acting on sphere 1 calculated for different values of L and θ. It can be seen that the
force calculated by the boundary element model matches well with previous results
obtained from the multipole expansion method [117]. Furthermore, both radial and
tangential components (Yint,r and Yint,θ) decrease as the distance L increases. The
(a) (b)
Figure 6.4: Vector plot of the interparticle force on two spheres: (a) radial component
and (b) tangential component. The blue and green dots represent the centers of sphere
1 and sphere 2, respectively.
radial component Yint,r changes from positive (repulsion) to negative (attraction) as
the inclination angle θ increases. This is illustrated in Figure 6.4(a). The tangential
component Yint,θ is zero at θ = 00 and θ = 900. At other values of θ, Yint,θ is positive,
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pushing sphere 1 towards the pressure nodal plane, as illustrated in Figure 6.4(b).
6.3 Interparticle Force and Torque on a Pair of
Rigid Spheroids
In this section, the boundary element model is used to calculate the interparticle
force and torque acting on a pair of rigid spheroids subjected to a plane standing
wave for three configurations. The surface of each spheroid is discretized by using
curved triangular elements with quadratic wave potential. In the first configuration,
the spheroid aspect ratio and the distance between the centers of the spheroids are
varied, while the spheroids are placed at the pressure nodal plane. The effects of
particle shape and distance on the interparticle force and torque are analyzed in this
configuration. In the second configuration, the orientation angles of the spheroids with
respect to the wave propagation direction are varied. From this configuration, the
effect of this angle on the interparticle force and torque can be analyzed. The spheroid
orientation where the interparticle force and torque are maximum is found from this
configuration. From the interparticle force calculation for two spheres, it was found
that the spheres move towards the pressure node due to the interparticle force. In
order to investigate whether this phenomenon also occurs for non-spherical particles,
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in the third configuration, the two spheroids are placed at the same locations as the
two spheres in Figure 6.2. The interparticle force and torque are then calculated for





















Figure 6.5: (a) Illustration of the first configuration of two spheroids. (b) Interparticle
force and torque on the two spheroids for 0 < α < 900 .
Figure 6.5(a) illustrates the first configuration. In this configuration, the two
spheroids are placed at the pressure nodal plane and the distance between the centers
is denoted by L. The spheroids are subjected to the acoustic standing wave φin(z) and
their orientation with respect to the wave propagation direction is denoted by α. The
spheroid aspect ratio b/c is varied while its volume is kept equal to the volume of the
sphere in previous section (ka = pi/50). The coordinate system is placed at the center
of spheroid 2 and the interparticle force is calculated for spheroid 1. The interparticle
force is reported in terms of the non-dimensional force functions, defined in equation
6.3. Similarly, the interparticle torque is calculated for spheroid 1 and reported in
Chapter 6. Interparticle Force and Torque on a Pair of
Spheroids in a Plane Standing Wave 103
terms of non-dimensional torque functions Nint,x, Nint,y, and Nint,z defined as follows.
Tint = pia3Est (Nint,xex +Nint,yey +Nint,zez) (6.6)













It is noted that there is no torque experienced by the spheroids in the x- and
z-directions, so Nint,x = 0 and Nint,z = 0. The interparticle force acting on spheroid
2 has the same magnitude as the interparticle force on spheroid 1, but acts in the
opposite direction.
Figure 6.6 shows the interparticle force and torque for different values of b/c and
L. The orientation angles of both spheroid 1 and spheroid 2 are set to be α = 450. In
Figure 6.6(a), it can be seen that the radial component of the interparticle force Yint,r
is negative (attraction) and decreases as L increases for all values of b/c, similar to
the radial force on the sphere. The change in the spheroid aspect ratio seems to have
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Figure 6.6: (a) Radial component of the interparticle force, (b) tangential component
of the interparticle force, and (c) interparticle torque acting on spheroid 1 in the first
configuration for different values of L and b/c. The orientation angle α is set to 450.
an insignificant effect on the magnitude of the radial component. This is due to the
spheroid volume being kept constant while b/c is varied. Tangential component of the
interparticle force Yint,θ and the interparticle torque in the y-direction Nint,y are shown
in Figure 6.6(b) and Figure 6.6(c), respectively. As the distance L increases, both Yint,θ
and Nint,y decrease. The tangential component Yint,θ is positive for oblate spheroids
(b/c > 1.0) and negative for prolate spheroids (b/c < 1.0). The oblate spheroids
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experience negative torque while the torque on the prolate spheroids is positive, as
illustrated in Figure 6.5(b).
Figure 6.7(a) shows the radial component of the interparticle force for different
values of α and b/c = 0.5 (oblate spheroid). It can be seen that the radial component
Yint,r decreases as the orientation angle α increases. On the other hand, in Figure



















































Figure 6.7: (a) Radial component of the interparticle force, (b) tangential component
of the interparticle force, and (c) interparticle torque acting on spheroid 1 in the first
configuration for different values of α and L. The aspect ratio b/c is set to 0.5 (oblate).
6.8(a), the radial component Yint,r increases with α for b/c = 1.5 (prolate spheroid).
This implies that the radial component of the interparticle force reaches its maximum
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when the spheroid has the largest projected area in the pressure nodal plane (XY-
plane). This condition occurs at α = 00 for the oblate spheroid (b/c = 0.5) and at
















































Figure 6.8: (a) Radial component of the interparticle force, (b) tangential component
of the interparticle force, and (c) interparticle torque acting on spheroid 1 in the
first configuration for different values of α and L . The aspect ratio b/c is set to 1.5
(prolate).
α = 900 for the prolate spheroid (b/c = 1.5). Figure 6.7(b) and 6.8(b) show the
tangential component of the interparticle force Yint,θ for the cases of b/c = 0.5 and
b/c = 1.5, respectively. It can be seen that the tangential component Yint,θ for the
oblate spheroid (b/c = 0.5) and prolate spheroid (b/c = 1.5) act in the opposite
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direction. For b/c = 0.5, the tangential component reaches its maximum at α ≈ 200
for L/a = 3.0. For b/c = 1.5, this component reaches its maximum at α ≈ 650 for the
same value of L/a. Figure 6.7(c) and Figure 6.8(c) show the interparticle torque in
the y-direction Nint,y for the cases of b/c = 0.5 and b/c = 1.5, respectively. For the
oblate spheroid (b/c = 0.5), the negative interparticle torque rotates the spheroid back
to α = 00 where Nint,y is zero. On the other hand, the positive interparticle torque
rotates the prolate spheroid (b/c = 1.5) towards α = 900. The interparticle torque
tends to rotate the spheroid to the orientation (α = 00 for oblate and α = 900 for
prolate) such that it has the largest projected area and the tangential component of




















Figure 6.9: Illustration of the second configuration of two spheroids. The spheroids
are placed at the pressure nodal plane (θ = 900) with the distance L = 3a.
In the second configuration (shown in Figure 6.9), the two spheroids are still placed
at the pressure nodal plane. The distance between the centers is set to be L = 3a. The
orientation angle of spheroid 1 (α1) is set to be different from the orientation angle of
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spheroid 2 (α2). The interparticle force and torque are calculated at the spheroid 1
for different values of α1 and α2.
Figure 6.10 shows the radial component of the interparticle force Yint,r for different
values of α1 and α2 for b/c = 0.5 (oblate spheroid). From the 2D plot (Figure 6.10(a)),
it can be seen that when α2 is fixed, Yint,r decreases with α1. The same trend is found
























Figure 6.10: Radial component of the interparticle force acting on spheroid 1 in the
second configuration for different values of α1 and α2: (a) 2D plot and (b) 3D plot.
The aspect ratio b/c is set to 0.5 and the distance between the centers L = 3a.
when α1 is fixed and α2 is increased. Moreover, it can be seen from the 3D plot (Figure
6.10(b)) that Yint,r reaches its maximum at α1 = α2 = 00. On the other hand, it
can be seen from Figure 6.11(a) that Yint,r increases with α1 for a fixed value of α2
and b/c = 1.5 (prolate spheroid). For this case, the largest value of Yint,r occurs at
α1 = α2 = 900 (as shown in Figure 6.11(b)). Similar to the results obtained from the
first configuration, these results imply that the radial component of the interparticle
force reaches its maximum when the spheroids have the largest projected area in the
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Figure 6.11: Radial component of the interparticle force acting on spheroid 1 in the
second configuration for different values of α1 and α2: (a) 2D plot and (b) 3D plot.
The aspect ratio b/c is set to 1.5 and the distance between the centers L = 3a.
pressure nodal plane (α = 00 for oblate and α = 900 for prolate).
The tangential component of the interparticle force Yint,θ for the cases of b/c = 0.5
and b/c = 1.5 are shown in Figure 6.12 and Figure 6.13, respectively. Similar to the

























Figure 6.12: Tangential component of the interparticle force acting on spheroid 1 in
the second configuration for different values of α1 and α2: (a) 2D plot and (b) 3D plot.
The aspect ratio b/c is set to 0.5 and the distance between the centers is L = 3a.
previous result obtained from the first configuration, the tangential component on
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the oblate spheroid acts in the opposite direction of the tangential component on the
prolate spheroid. From the 3D plot, it can be observed that the maximum value of
























Figure 6.13: Tangential component of the interparticle force acting on spheroid 1 in
the second configuration for different values of α1 and α2: (a) 2D plot and (b) 3D plot.
The aspect ratio b/c is set to 1.5 and the distance between the centers is L = 3a.
Yint,θ occurs at α1 = α2 ≈ 200 for b/c = 0.5 and α1 = α2 ≈ 650 for b/c = 1.5. The
non-zero tangential component of the interparticle force suggests that the spheroids
would be pushed away from the pressure nodal plane by the interparticle force.
Figure 6.14 and Figure 6.15 show the interparticle torque Nint,y calculated for the
cases of b/c = 0.5 and b/c = 1.5, respectively. For b/c = 0.5 (oblate spheroid), Figure
6.14 shows that Nint,y is negative for all values of α1 and α2. On contrary, for b/c = 1.5
(prolate spheroid), Figure 6.15 shows that Nint,y is positive for all values of α1 and
α2. These results indicate that setting α1 to be different than α2 does not affect the
direction of the interparticle torque.
Figure 6.16 shows the third configuration, where the spheroids are placed in the
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Figure 6.14: Interparticle torque acting on spheroid 1 in the second configuration
for different values of α1 and α2: (a) 2D plot and (b) 3D plot. The aspect ratio b/c is
set to 0.5 and the distance between the centers is L = 3a.























Figure 6.15: Interparticle torque acting on spheroid 1 in the second configuration
for different values of α1 and α2: (a) 2D plot and (b) 3D plot. The aspect ratio b/c is
set to 1.5 and the distance between the centers is L = 3a.
vicinity of the pressure nodal plane (L = 3a). Both spheroids have the same orientation
angle and the inclination angle θ is varied, similar to the case of the two spheres. The
interparticle forces and torque are then calculated at spheroid 1 for different values of
α and θ.
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Figure 6.16: Illustration of the third configuration of two spheroids. Both spheroids
have the same orientation angle α and the distance L equals 3a. Both α and θ are
positive in the counter clockwise direction.
Figure 6.17 shows the radial component of the interparticle force calculated for
different values of α and θ for the case of b/c = 0.5 (oblate). In Figure 6.17(b), it can
be seen that the sign of Yint,r changes from positive (repulsion) to negative (attraction),
as θ increases from 00 to 900. This transition is also observed previously for the case
of two spheres (as shown in Figure 6.3(a)). Therefore, it can be concluded that this
transition would always occur regardless the particle shape. From Figure 6.17(c),
it can be seen that the radial component of the interparticle force for the case of
b/c = 0.5 reaches its maximum at θ = 900 and α = 00.
Figure 6.18 shows Yint,r for the case of b/c = 1.5 (prolate). For this aspect ratio,
the transition of the radial component can also be observed in Figure 6.18(b). From
Figure 6.18(c), it can be seen that the maximum value of Yint,r occurs at θ = 900
and α = 900. These results are consistent with the results obtained from the two
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Figure 6.17: Radial component of the interparticle force on spheroid 1 in the third
configuration for different values of α and θ: (a) Yint,r against α, (b) Yint,r against θ,
and (c) 3D plot of Yint,r. The aspect ratio b/c is set to 0.5 and the distance L = 3a.
previous configurations, where the radial component of the interparticle force reaches
its maximum when the spheroids are in the pressure nodal plane (θ = 900), and the
spheroids have the largest projected area in this plane.
Figure 6.19 shows the tangential component of the interparticle force for different
values of α and θ for the case of b/c = 0.5 (oblate spheroid). From Figure 6.19(b), it
can be seen that Yint,θ is positive for the cases where θ 6= 900. This implies that the
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Figure 6.18: Radial component of the interparticle force on spheroid 1 in the third
configuration for different values of α and θ: (a) Yint,r against α, (b) Yint,r against θ,
and (c) 3D plot of Yint,r. The aspect ratio b/c is set to 1.5 and the distance L = 3a.
tangential component of the interparticle force tends to push the spheroid towards the
pressure nodal plane, as illustrated in Figure 6.20(b). Moreover, when the spheroid is
in the pressure nodal plane (θ = 900), a considerable value of Yint,θ can be observed for
α 6= 00 and α 6= 900 (as shown in Figure 6.19(b)). The same trend can be observed for
the prolate spheroid (b/c = 1.5) in Figure 6.21(b). This suggests that the spheroids
would move away from the pressure nodal plane due to the interparticle force when
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Figure 6.19: Tangential component of the interparticle force on spheroid 1 in the
third configuration for different values of α and θ: (a) Yint,θ against α, (b) Yint,θ against
θ, and (c) 3D plot of Yint,θ. The aspect ratio b/c is set to 0.5 and the distance L = 3a.
α 6= 00 and α 6= 900 for both cases of b/c.
Figure 6.22 shows the interparticle torque calculated for different values of α and θ
for the case of b/c = 0.5 (oblate spheroid). From Figure 6.22(b), it can be seen that
the interparticle torque on the oblate spheroid is negative for θ 6= 900. A similar trend
can be observed for the case of prolate spheroid (b/c = 1.5) in Figure 6.23(b).
It will be shown in the next section that the total force and torque acting on the
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(a) (b)
Figure 6.20: Vector plot of the interparticle force for the case of b/c = 0.5 (oblate
spheroid) and α = 00 in the third configuration: (a) radial component and (b)
tangential component.
spheroids will cause the spheroids to settle at the pressure nodal plane (θ = 900), such
that α = 00 for oblate spheroid and α = 900 for prolate spheroid. At these orientation
angles, the tangential component of the interparticle force and the interparticle torque
are zero.
6.4 Total Force and Torque on Two Spheroids
The final equilibrium position and orientation of the spheroids are determined by
the total force and torque. Therefore, the contribution of primary and interparticle
force/torque to the total force/torque need to be analysed. Figure 6.24(a) shows the
ratio the magnitude of interparticle force on the spheroid 1 in the third configuration
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Figure 6.21: Tangential component of the interparticle force on spheroid 1 in the
third configuration for different values of α and θ: (a) Yint,θ against α, (b) Yint,θ against
θ, and (c) 3D plot of Yint,θ. The aspect ratio b/c is set to 1.5 and the distance L = 3a.
to the primary radiation force for b/c = 0.5 (oblate spheroid) and θ = 450. As can be
seen, the interparticle force is dominant over the primary radiation force when the
distance L is small. For example, for L/a = 3.0 and α = 00, the magnitude of the
interparticle force is three times larger than the primary force. As the center distance
L increases, the interparticle force decreases and the primary force becomes more
dominant. This is also observed for the case of b/c = 1.5 (prolate spheroid).
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Figure 6.22: Interparticle torque acting on spheroid 1 in the third configuration for
different values of α and θ: (a) Nint,y against α, (b) Nint,y against θ, and (c) 3D plot
of Nint,y. The aspect ratio b/c is set to 0.5 and the distance L = 3a.
Figure 6.25 shows the comparison between the primary radiation force and the
total force experienced by the spheroids in the third configuration for the case of
b/c = 0.5 and α = 00. It can be seen that, in the vicinity of the pressure nodal
plane, the contribution of the primary force to the total force is insignificant. When
the spheroids are outside the pressure nodal plane (θ 6= 900), the total force shows
a very similar trend to the interparticle force (as shown in Figure 6.20). When the
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Figure 6.23: Interparticle torque acting on spheroid 1 in the third configuration for
different values of α and θ: (a) Nint,y against α, (b) Nint,y against θ, and (c) 3D plot
of Nint,y. The aspect ratio b/c is set to 1.5 and the distance L = 3a.
spheroids are in the pressure nodal plane (θ = 900), the primary force is zero and
the interparticle force, which is attractive, pushes the spheroids towards the pressure
node. This implies that the interparticle force is the main driving force for particle
agglomeration at the pressure nodal plane [117]. It is noted that this conclusion is
also valid for the case of prolate spheroid (b/c = 1.5).
Figure 6.24(b) shows the ratio the magnitude of interparticle torque on spheroid
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Figure 6.24: Ratio of the magnitude of (a) interparticle force and (b) interparticle
torque on spheroid 1 in the third configuration to the primary radiation force and
torque, respectively for b/c = 0.5 and θ = 450.
1 in the third configuration to the primary radiation torque for b/c = 0.5 (oblate
spheroid) and θ = 450. For α = 00 and α = 900, the magnitude of the interparticle
torque is comparable to the magnitude of the primary radiation torque. Moreover, for
these cases, the ratio is relatively constant for all values of L/a. For other values of α,
the magnitude of the interparticle torque is negligible compared to the magnitude of
the primary torque, even when the two spheroids are close each other. For example,
for L/a = 3.0 and α = 300, the magnitude of the interparticle torque is one order less
than the magnitude of primary torque. This is also observed for the case of b/c = 1.5
(prolate spheroid).
Figure 6.26 shows the total torque on the spheroid 1 in the third configuration for
both cases of the oblate (b/c = 0.5) and prolate (b/c = 1.5) spheroids. From Figure
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Figure 6.25: Vector plots of (a) primary force and (b) total force experienced by the
two spheroids in the third configuration for b/c = 0.5 and α = 00. The blue and green
dots represent the centers of the spheroid 1 and the spheroid 2, respectively.
6.26(a), it can be seen that the total torque on the oblate spheroid is positive when α
is negative and vice versa. This implies that the total torque tends to rotate the oblate
spheroid to α = 00. However, this is only true for the cases of θ = 00 and θ = 900.
As can be seen from the sub-figure within Figure 6.26(a), the oblate spheroid would
settle at a small negative value of α for other values of θ. For example, for θ = 600,
the stable orientation angle of the oblate spheroid (b/c = 0.5) is α ≈ −30. Figure
6.26(b) shows the total torque for the case of prolate spheroid (b/c = 1.5). For prolate
spheroid, the total torque is negative when α is negative and vice versa. This implies
that the total torque tends to rotate the prolate spheroid to α = 900. However, similar
to the case of the oblate spheroid, this is only true for θ = 00 and θ = 900. From the
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Figure 6.26: Total torque experienced by spheroid 1 in the third configuration for
L/a = 3.0: (a) b/c = 0.5 (oblate spheroid) and (b) b/c = 1.5 (prolate spheroid).
sub-figure in Figure 6.26(b), it can be seen that the prolate spheroid settles down at α
slightly off from 900 for 00 < θ < 900. For example, at θ = 600, the prolate spheroid
settles down at α ≈ 870, where the total torque is zero.
Figure 6.27 shows the stable orientation of the spheroids based on the result of
the total torque calculation. As can be seen, at the pressure nodal plane (θ = 900),
both oblate and prolate spheroids would settle at the orientation where they have
the largest projected area in the pressure nodal plane. At this orientation, the
tangential component of the interparticle force is zero and the radial component of the
interparticle force would attract the spheroid to the pressure node, as shown in Figure
6.25(b). When the spheroids are outside the pressure nodal plane (θ 6= 900), the stable
orientation angle is slightly different from α = 00 for oblate spheroid and α = 900 for
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Figure 6.27: Illustration of the stable orientation of the spheroids placed at several
locations near the pressure node: (a) oblate spheroid (b/c = 0.5) and (b) prolate
spheroid (b/c = 1.5).
prolate spheroid. Moreover, the interparticle force would move the spheroids towards
the pressure nodal plane, as shown in Figure 6.25(b).
6.5 Discussion
The result of the total force and torque calculation for the third calculation could
be used to explain the agglomeration process of the non-spherical particles/cells
observed in the experiments. For example, the result of total force and torque on the
prolate spheroid might be used to explain some of the experimental results reported
by Thalhammer et al. [120] in 2011. In this experiment, Thalhammer et al. [120] used
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the acoustic standing wave to manipulate the movement of Euglena gracilis, which
can be approximated by a prolate spheroid, in a microchannel. It was observed that
these micro-organisms formed a chain-like cluster at the pressure nodal plane when
the ultrasound standing wave was applied in the experiment. The organisms tend to
align themselves in the position in which their longest axis was parallel to the pressure
nodal plane. This is in a good agreement with the stable orientation of a prolate
spheroid predicted in this study (as shown in Figure 6.27(b)). Despite this agreement,
the author is aware that a proper particle tracking is needed to provide a rigorous
analysis of the agglomeration of non-spherical particles in the vicinity of the pressure
node. In the future, the model can be extended to simulate the particle trajectories
and angular displacement due to the total force and torque acting on the particles.
Since not all biological cells are spherical, the proposed boundary element model
is more suitable for the calculation of interparticle force and torque on biological
cells of arbitrary shapes than the multipole expansion method used in the previous
studies [117–119]. Furthermore, compared to the other numerical methods, such as
finite element method, finite volume method, etc., the boundary element method is
more efficient since the discretization of the fluid domain is not needed. However, the
singularity problem in forming the coefficient matrices might arise when the particles
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are too close or touch each other. This might result in an erroneous calculation result.
It is noted that the present results are calculated within a maximum error of less than
0.5 % for L/a = 3.0 for the interparticle force on two spheres.
6.6 Summary
In this chapter, the boundary element model is used to calculate the interparticle force
and torque acting on a pair of rigid spheroids subjected to a plane standing wave.
The interparticle force and torque are calculated for three different configurations.
The results of interparticle force and torque calculations for the first configuration
show that the interparticle force and torque decrease as the particle distance increases.
Moreover, interparticle torque on oblate spheroids acts in the opposite direction of
the interparticle torque on prolate spheroids. From the results of interparticle force
and torque calculations for the second configuration, it can be concluded that setting
the orientation of the first spheroid to be different than the orientation of the second
spheroid (α1 6= α2) does not affect the direction of the interparticle torque. The
results of force calculation for the last configuration show that the interparticle force
is more dominant than the primary force when the spheroids are in the vicinity of the
pressure node. This finding indicates that the interparticle force leads to the particle
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agglomeration near the pressure node. The results of torque calculation for the last
configuration show that the primary torque is more dominant than the interparticle
torque even when the spheroid distance is small. This indicates that the orientation of





Results presented in Chapters 4, 5, and 6 were obtained by evaluating equations (3.63)
and (3.64) over the surface of a fictitious sphere that encapsulates the particle. In
those chapters, the boundary element solutions at the particle surface were used to
obtain the scattered acoustic field at a set of points in the acoustic domain that form
a fictitious sphere encapsulating the particle. Subsequently, the radiation force and
torque were calculated by using the acoustic fields at those points.
In this chapter, an alternative way to post-process the boundary element solutions
at the particle surface is presented. From the multipole point of view, the boundary
element solutions at the particle surface can be interpreted as the strength of monopole
and dipole sources at each boundary element on the particle surface. By transforming
these sources to the center of the particle using the multipole translation and rotation
127
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method [121], the multipole representation with respect to the center of the particle
of the scattered acoustic field can be obtained. The radiation force and torque are
then calculated by substituting these multipole coefficients to the series expressions
of radiation force and torque derived by Silva [98, 122]. By using this alternative
method, the boundary element solutions at the particle surface can be used directly
to calculate the radiation force and torque acting on the particle. Moreover, the
multipole representation of the scattered acoustic fields from particles of non-spherical
shapes, which is not available in the literature until now, can be obtained. This can
be seen as the generalization of the methods reported by King [77], Yosioka [3], and
Hasegawa [79,81] for spheres. This alternative method has been reported in publication
[d].
7.1 Monopole and Dipole Sources at the Particle
Surface
In most of the analytical studies of acoustic radiation force [3, 77,78,87], the particle
was represented by a set of multipoles at the center of the particle. By doing this, the
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n (kr)Y mn (ϑ, ϕ), (7.1)
where (r, ϑ, ϕ) is the spherical coordinates of a point in the acoustic domain with
respect to the center of the particle. Smn denotes the multipole coefficients and h(2)n (kr)
denotes the spherical Hankel function of the second kind of order n. Y mn (ϑ, ϕ) is the
spherical harmonics [123] of degree n and order m, given by





The spherical Hankel function h(2)n (kr), which is singular at the particle center (r = 0),
determines the magnitude of the scattered field at any point in the domain. The
spherical harmonics Y mn (ϑ, ϕ) is the eigenvector of the Helmholtz equation which
represents the shape of the scattered field. Visual representations of Y mn (ϑ, ϕ) up
to n = 2 (quadrupole) [124] are shown in Figure 7.1. Although the spherical Hankel
function is singular at the particle center, equation (7.1) is valid since the acoustic
scattered field is evaluated outside the particle. Moreover, the spherical Hankel
function satisfies the Sommerfeld radiation condition at infinity. In the previous
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Figure 7.1: Visual representations of the spherical harmonics Y mn (ϑ, ϕ) up to
quadrupole terms (n = 2).
studies [3, 77, 81], it was shown that the multipole coefficients Smn for a sphere can
be obtained analytically by satisfying the boundary conditions at the surface of the
sphere. However, this analytical approach is not valid for non-spherical particles due to
the presence of the Brillouin sphere [108]. The Brillouin sphere is the smallest sphere
that encapsulates the non-spherical particle. Inside the Brillouin sphere, equation (7.1)
fails to converge even as more multipoles (n) are used. Consequently, the boundary
conditions at the particle surface cannot be satisfied and the multipole coefficients
cannot be obtained. As mentioned earlier, the multipole coefficients of non-spherical
particles can be obtained from the boundary element method by transforming the
monopole and dipole sources at each boundary element to the center of the particles.
The scattered field obtained from these multipole coefficients is convergent only outside
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the Brillouin sphere. In the following discussion, it will be shown how the coefficients
of the monopole and dipole sources at each surface element can be obtained from the
boundary element solutions on the particle surface.
Figure 7.2: Local coordinate system re(xe, ye, ze) at element e.
Let the particle surface is discretized by using planar triangular elements with
constant potential. As discussed in Chapter 3, the scattered wave potential at any

















where n+ and Γe denote the outward normal vector and area of an element e, respec-
tively, as shown in Figure 7.2.
The centroid of the element e is denoted by Qe and it is the origin of the local
coordinate system re = (xe, ye, ze) = (re, θe, ϕe). It is noted that the coordinate ze is
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parallel to the normal vector n+. The Green’s function and its normal derivative can















1 (kre)Y 01 (θe, ϕe), (7.5)
where (re, θe, ϕe) are the local spherical coordinates of point l with respect to the
point Qe. From these equations, it can be seen that the Green’s function Gk represents
the monopole response (n = 0), while its derivative represents the dipole response
(n = 1) due to the sources on the particle surface. Based on equations (7.4) and (7.5),
the scattered wave potential at the point l due to the monopole and dipole sources at
the element e is given by
φesc(l) = C00(re)h
(2)
0 (kre)Y 00 (θe, ϕe) + C01(re)h
(2)
1 (kre)Y 01 (θe, ϕe), (7.6)

















12pi (φsc (Qe) Γe) . (7.8)
These coefficients represent the strength of monopole and dipole sources at the
centroid of the element e. These coefficients are derived from the solutions of the
scattered field on the particle surface φsc(Q) and
∂φsc
∂n+
(Q). It is noted that the dipole
source is oriented in the direction of the normal vector n+.
7.2 Multipole Representation of φsc at the Center
of Particle
The multipole representation with respect to the center of the particle of the scattered
field φsc can be obtained by transforming the monopole and dipole sources at all
surface elements to the center of the particle. The transformation procedure for an
element e is illustrated in Figure 7.3. First, the local coordinate system re is rotated
to the first intermediate coordinate system r′e = (x′e, y′e, z′e) = (r′e, θ′e, ϕ′e). It is noted
that the coordinate z′e is parallel to the position vector of point Qe with respect to the
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Figure 7.3: Transformation of the sources at the element centroid Qe to the multipoles
at the particle O.






Ĉmn (r′e)h(2)n (kr′e)Y mn (θ′e, ϕ′e), (7.9)
where Ĉmn (r′e) is the multipole coefficients with respect to r′e and N denotes the
maximum order of multipoles used in the series. These multipole coefficients are







n (θxx′ , θyy′ , θzz′)Cm
′
n (re), (7.10)
where Tmm′n (θxx′ , θyy′ , θzz′) is the multipole rotation operator [121]. This rotation
operator is a function of θxx′ , θyy′ , and θzz′ which are the angles between re(xe, ye, ze)
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and r′e(x′e, y′e, z′e), as shown in Figure 7.4(a). The details of Tmm
′
n (θxx′ , θyy′ , θzz′) can





since the monopole has no direction. Moreover, since
initially there are only C00 (re) and C01 (re), the maximum order of multipoles that can
be obtained from this rotation is N = 1.
(a) (b)
Figure 7.4: (a) Rotation angles between re and r′e. (b) Brillouin sphere with radius
|t| that is formed due to the multipole translation from Qe to O.
After this rotation, the resulting multipoles at Qe is translated coaxially to the
second intermediate coordinate system r′o = (x′o, y′o, z′o) = (r′o, θ′o, ϕ′o) located at point
O, as shown in Figure 7.3. Similar to equation (7.9), the series expansion of φesc(l)






Ŝmn (r′o)h(2)n (kr′o)Y mn (θ′o, ϕ′o), (7.11)
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where Ŝmn (r′o) is the new multipole coefficients. These coefficients can be written in




(S | S)mnn′(t) Ĉmn′ (r′e), (7.12)
where (S | S)mnn′ (t) is the coaxial singular-to-singular translation operator (also known
as coaxial Multipole-to-Multipole (M2M) translation operator) [121]. It is a function
of the translation vector t which is given by
t = −Qe, (7.13)
where Qe is the position vector of point Qe with respect to the center of the particle
O. The details about the coaxial Multipole-to-Multipole (M2M) translation operator
(S | S)mnn′ (t) can be found in Appendix B. Finally, the multipoles obtained from
this translation are transformed by rotating r′o to the global coordinate system
ro = (x, y, z) = (ro, θo, ϕo), as shown in Figure 7.3, by using the same procedure in the
first rotation. With respect to the global coordinate system ro, the series expansion of
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n (ro)h(2)n (kro)Y mn (θo, ϕo). (7.14)








n (θxx′ , θyy′ , θzz′)Ŝm
′
n (r′o), (7.15)
where θxx′ , θyy′ , and θzz′ are the rotation angles between ro and r′o.
By summing the translated multipole coefficients Smn (ro) from all surface elements,















Smn (ro) h(2)n (kro)Y mn (θo, ϕo), (7.17)
where (ro, θo, ϕo) are the global spherical coordinates of the point l from the center
of the particle O. It is noted that series expansion (7.17) converge absolutely for
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|ro| > |t|max, where |t|max is the distance of the furthest element from point O. This
condition is also a statement that the series expansion (7.17) for the scattered field
φsc is convergent only outside the Brillouin sphere.
Besides the above procedure, there are other ways to transform the monopole and
dipole at the particle surface to the center of the particle. For example, instead of
performing two multipole rotations and one coaxial multipole translation, one could
remove the multipole rotations and perform the multipole translation from re to ro
directly using the general singular-to-singular translation operator (S | S)mm′nn′ (t) [121].
However, it has been reported that the coaxial multipole translation is computationally
more efficient than the general multipole translation [121]. The above procedure can
also be extended to higher-order boundary elements, such as linear and quadratic






















where Q′e is the Gauss point of the surface element e and the surface integral is
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performed by Gauss quadrature.
7.3 General Expressions of Radiation Force and
Torque
With the multipole coefficients of the scattered wave φsc, the radiation force and
torque are calculated by using the general expressions of force and torque derived by
Silva [98, 122]. These general expressions are valid for particles of arbitrary shapes
subjected to arbitrary acoustic waves [98, 122]. In the Cartesian coordinate system,
the radiation force can be written as follows [98]
F = pia2E0 (Yxex + Yyey + Yzez) , (7.20)
where ex, ey, and ez are the unit vectors in the Cartesian coordinates. Yx, Yy, and
Yz are the non-dimensional radiation force functions and a denotes the radius of
the particle. In this study, for a non-spherical particle, the radius of a sphere that
has the same volume as the particle is used as a. In Silva’s derivation [98, 122], the
characteristic energy density E0 equals to the energy density of a progressive wave Ep
defined in Chapter 5. The general expressions of the radiation force functions [98] are
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given by









n+1 + bm−1n Sm−1∗n−1 − bmn+1Sm+1∗n+1 − b−m−1n Sm+1∗n−1
)
(7.21)









n+1 + b−m−1n Sm+1∗n−1 + b−mn+1Sm−1∗n+1 + bm−1n Sm−1∗n−1
)
(7.22)




















(2n− 1)(2n+ 1) .
In these three equations, Amn denote the coefficients in expanding the incident wave
about the center of particle O, using the regular spherical Bessel function jn(kr) and






Amn jn(kro)Y mn (θo, ϕo) (7.24)
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Similarly, the radiation torque can be defined as
T = pia3E0 (Nxex +Nyey +Nzez) , (7.25)









































In the following section, these general expressions are used to calculate the radiation
force and torque on rigid spheroids and cylinders subjected to a plane standing wave in
an inviscid fluid. It will be shown that this method recovers the same results obtained
from the integration over a fictitious sphere.
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7.4 Numerical Results for Rigid Spheroid and Cylin-
der
In this section, the proposed boundary element-multipole translation method is used
to calculate the radiation force and torque on the rigid spheroid and cylinder discussed
in Chapter 4. Figure 7.5(a) shows the radiation force on a rigid sphere (b/c = 1.0)
calculated for different values of ka by using Marston’s formula [1], integration over
a fictitious sphere, and the boundary element-multipole translation method. Figure
7.5(b) shows the percentage difference of the force obtained using the boundary
element-multipole translation method with respect to that from the integration over
the fictitious sphere. It can be seen that the results from the boundary element-
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Figure 7.5: (a) Radiation force on a rigid sphere; (b) Percentage difference of of the
force obtained using the boundary element-multipole method with respect to that
from the integration over the fictitious sphere.
multipole method converge to the results obtained from the integration over the
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fictitious sphere. Better results are obtained when the number of multipole coefficients
(N) increases. For small ka, very good accuracy is obtained using octopoles and higher
(N = 3 and N = 4), while an error of about 0.1% is recorded for larger ka. All
numerical results are very close to Marston’s formula [1] for small ka, but deviate from
Marston’s formula for large ka due to the dipole approximation.









Force on Rigid Spheroid
 
 
b/c = 0.5 (Fictitious Sphere)
b/c = 0.5 (Boundary element−multipole)
b/c = 0.8 (Fictitious Sphere)
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b/c = 1.5 (Fictitiuos Sphere)
b/c = 1.5 (Boundary element−multipole)
b/c = 2.0 (Fictitious Sphere)
b/c = 2.0 (Boundary element−multipole)
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Torque on Rigid Spheroid
 
 
b/c = 0.5 (Fictitious Sphere)
b/c = 0.5 (Boundary element−multipole)
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b/c = 1.5 (Fictitious Sphere)
b/c = 1.5 (Boundary element−multipole)
b/c = 2.0 (Fictitious Sphere)
b/c = 2.0 (Boundary element−multipole)
(b)
Figure 7.6: (a) Radiation force and (b) torque on the rigid spheroids of various aspect
ratios b/c calculated for different values of α by using the boundary element-multipole
translation method.
Figure 7.6 shows the radiation force and torque on rigid spheroids of different b/c
calculated for different α by using the boundary element-multipole translation method.
For both radiation force and torque, it can be seen that the results from boundary
element-multipole translation method are in good agreement with the results from
the integration over the fictitious sphere. The same thing can be seen for the rigid
cylinder with hemisphere caps in Figure 7.7.
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b/c = 1.2 (Fictitious Sphere)
b/c = 1.2 (Boundary element−multipole)
b/c = 1.5 (Fictitious Sphere)
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b/c = 2.0 (Fictitious Sphere)
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Torque on Rigid Cylinder
 
 
b/c = 1.2 (Fictitious Sphere)
b/c = 1.2 (Boundary element−multipole)
b/c = 1.5 (Fictitious Sphere)
b/c = 1.5 (Boundary element−multipole)
b/c = 2.0 (Fictitious Sphere)
b/c = 2.0 (Boundary element−multipole)
(b)
Figure 7.7: (a) Radiation force and (b) torque on the rigid cylinders of various aspect
ratios b/c calculated for different values of α by using the boundary element-multipole
translation method.
As discussed earlier, the multipole representation of non-spherical particles can
be obtained from the boundary element-multipole translation method. In order to
analyse the effects of particle shape and orientation on the multipole coefficients, the
normalized scattering coefficient S ′nm is defined in equation (7.29). This coefficient is
obtained by dividing the magnitude of multipole coefficient of the spheroid with the





Figure 7.8 shows the normalized multipole coefficients S ′nm of oblate and prolate
spheroids for different values of α. It is noted that for n = 1 and m = 1, the S11 of
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(b)
Figure 7.8: Normalized multipole coefficients S ′nm of (a) oblate (b/c = 0.5) and (b)
prolate (b/c = 2.0) spheroids for different values of α.
the spheroid is normalized by the S01 of sphere. From Figure 7.8, it can be seen that
the normalized monopole coefficient (S ′00) equals 1 and remains unchanged with the
orientation α. This is expected since the monopole depends only on the volume of
particle and not its shape [1]. In contrast, the normalized dipole coefficients (S ′10 and
S ′11) do not equal 1 and vary with α, which indicates the dependency of these terms
on the particle shape and orientation.
The axisymmetric dipole coefficient S ′10 is related to the radiation force, showing a
similar pattern as the radiation force. For oblate spheroid (b/c = 0.5), S ′10 decreases
with α and vice versa for the prolate spheroid (b/c = 0.5). This indicates that the
strongest dipole scattering occurs at α = 00 for the oblate spheroid and α = 900 for
the prolate spheroid. At these orientation angles, the spheroids experience the largest
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radiation force. The non-axisymmetric dipole coefficient S ′11 is related to the radiation
torque. It is maximum at α = 450 and zero at α = 00 and α = 900, similar to the
radiation torque.
Table 7.1 shows the computational time Tcomp needed by the boundary element-
multipole translation method to calculate radiation force and torque on a spheroid
having the same volume as a sphere with ka = pi/50. This computational time
Table 7.1: Computational time needed by the boundary element-multipole translation
method for calculating radiation force and torque on a rigid spheroid.






does not include the time needed to solve the scattered wave potential at the particle
surface, which is around 300 seconds for 4098 degrees of freedoms (DOF). As can be
seen, the computational time Tcomp increases as more multipole terms (ntot) are used.
It scales with O(ntot)1.4, as shown in Figure 7.9. For ka = pi/50, the result converges
to the result obtained from the fictitious sphere when ntot = 16. For this value of
ntot, Tcomp = 122 seconds. This is almost twice of the calculation time needed by the
integration over the fictitious sphere, which is 71 seconds.
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Figure 7.9: Computational time needed by the boundary element-multipole transla-
tion method for different number of multipole terms.
From the above discussion, it has been shown that the boundary element-multipole
translation method could be used to calculate the radiation force and torque on particles
of arbitrary shapes with the same accuracy as the integration over the fictitious sphere.
Besides calculating the force and torque, this method could also be used to obtain
the multipole representation of the scattered field from non-spherical particles, which
is not available in the literature. However, compared to the fictitious sphere, the
computational time needed by this method is almost twice than the time needed by
the integration over the fictitious sphere. Hence, if the calculation of radiation force
and torque is the main concern, integration over the fictitious sphere is preferred
than the boundary element-multipole translation method. But, for applications where
the multipole representation of acoustic scattering from non-spherical scatterers is of
particular importance, such as underwater acoustics, ultrasound imaging, and noise
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source identification, the boundary element-multipole translation method would be a
very useful numerical tool.
7.5 Summary
In this chapter, an alternative method to calculate the radiation force and torque
using the multipole translation and rotation methods is proposed. By using the
multipole translation and rotation methods, the multipole representation with respect
to the particle center of the scattered acoustic wave can be obtained. Then, it is used
to calculate the radiation force and torque through the available series solutions of
radiation force and torque. The calculation results are compared with the results from
the integration over a fictitious sphere, with a good agreement.
Chapter 8
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Experimental Study of Cell Stiffness
under Acoustophoresis
Recent experimental study by Mishra et al. [6] showed that cells underwent deformation
while being trapped by the acoustic radiation force. If the acoustic radiation traction
acting on the cell surface is known, the stiffness of the cell membrane can be measured
from the cell deformation. Therefore, a numerical framework, consisting of the
boundary element model and an axisymmetric shell model, is developed to simulate
the cell deformation under acoustophoresis. The boundary element model is used to
calculate the acoustic radiation traction exerted on the cell surface. The cell membrane
deformation due to this traction is then simulated by using the axisymmetric shell
model. This numerical framework is used to measure the membrane stiffness of algae
and red blood cells. The results presented in this chapter have been reported in
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publication [b].
8.1 Coupled Acoustic-Shell Model
Figure 8.1 shows the numerical framework used to measure the cell membrane stiffness.
In the first step, the first order acoustic fields (p1 and v1) are calculated by using the
boundary element model. The results are then used to calculate the second order





















Figure 8.1: Numerical framework for calculating the Young’s modulus of cell mem-
brane
load in the shell model, the cell membrane deformation is simulated. In this step, to
account for the constant volume in the cell, a uniform internal pressure is added to the
radiation traction. An iteration process is performed to obtain the correct value of this
internal pressure. The iteration process is stopped when the change in the cell volume
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is less than a tolerance ε, which is 0.5 % in this study. Finally, the experimental
observations are compared to the aspect ratios of the deformed shape (obtained from
the shell model) for different values of pressure amplitude of the ultrasound wave to
estimate the Young’s modulus of the cell membrane.
8.1.1 First Order Acoustic Fields
In the acoustic simulation, the cell is stationary at the pressure node and subjected to
an acoustic standing wave Pin(z, t) = P0 cos(kz +
pi
2 )e
iωt, as shown in Figure 8.2. The




Figure 8.2: Illustration of a biological cell inside a microchannel with ultrasound
standing wave.




cos(kz + pi2 ) (8.1)
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where P0 is pressure amplitude of the standing wave, ρ0 is mass density of the
surrounding fluid, and ω is angular frequency of the acoustic wave.
The cell is modelled as a compressible (sound penetrable) particle, the scattered
wave potential φsc of which is solved by using the equations (3.42) - (3.45) in Chapter
3. Due to the small volume of the fluid inside the cell, the streaming motion of the
fluid inside the cell can be neglected [84]. Hence, only the compressional wave inside
the cell is considered in this simulation. The first order acoustic fields (p1 and v1) are
obtained by substituting the scattered acoustic fields at the cell surface (φsc and ∇φsc)
to equations (3.72) and (3.73) in Chapter 3.
8.1.2 Acoustic Radiation Traction
The acoustic radiation traction τ acting on the surface of a particle immersed in an
inviscid fluid is given by
τ = (−〈p2〉I− ρ〈v1 ⊗ v1〉) · n+ (8.2)
where the time-averaged second order pressure 〈p2〉 is given by
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ρ and κ denote the density and compressibility of the fluid, respectively.
For the case of a cell, the acoustic radiation traction acting on outer surface is
different from the radiation traction acting on the inner surface since the properties of
the fluid outside the cell (ρ0 and κ0) is different from the properties of the fluid inside
the cell (ρi and κi). Therefore, the resultant traction τac, that deforms the cell, is
given by the difference between the radiation traction on the outer surface of the cell
τ0 and the traction acting on the inner surface of the cell τi.
τac = τ0 − τi (8.4)
The traction on the outer surface τ0 is evaluated by using the properties of the fluid
outside the cell (ρ0 and κ0). The traction on the inner surface τi is evaluated by using
the properties of the fluid inside the cell (ρi and κi).
8.1.3 Thin Shell of Revolution
The cell membrane is modelled as an axisymmetric thin shell which has an undeformed
shape of a sphere. Figure 8.3(a) shows the meridian plane of the cell membrane in its
original form. The polar cylindrical coordinates in the meridian plane are denoted by
r, θs, and z. Moreover, ξ denotes the coordinate normal to the cell membrane while s
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denotes the arc-length coordinate.
Figure 8.3(b) shows the stress resultants Ns, Qs, and Ms and the tractions τξ and
τs on an isolated element of the cell membrane. These tractions consists of the second
order time-averaged acoustic traction τ ac described in the previous section, as well as
any internal pressure needed to maintain the cell volume. The deformation of the cell
(a) (b)
Figure 8.3: (a) Meridian plane of the cell membrane. (b) The positive directions of
stress resultants and loads acting on an element of the membrane.
membrane is assumed to be small; hence, the governing equations can be obtained
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from the linear theory of shells [125]. The governing equations are:
d
ds





























































12r (χ) + (rQs) (8.10)
In this set of equations, h denotes the thickness of the membrane while R1 and
R2 denote the principal radii of curvature in the meridian and latitude directions,
respectively. Moreover, E and υ denote the Young’s modulus and the Poisson’s ratio of
the cell membrane, respectively. Equations (8.5) to (8.7) are the kinematic equations
that govern the displacements of the middle surface of the cell membrane (u and
w) and the rotation of the normal χ. Equations (8.8) to (8.10) are the equilibrium
equations of the cell membrane.
For given values of τξ and τs, these six differential equations are solved simultane-
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ously by using the shooting procedure with trapezoidal method along the meridian of
the cell. The shooting procedure is started from the pole (θs = 00) and ends at the
equator (θs = 900). The boundary conditions at the pole are given by
u |θs=00= 0
χ |θs=00= 0 (8.11)
rQs |θs=00= 0
The other variables at the pole (w, rNs, and rMs) are successively iterated until the
following boundary conditions at the equator are satisfied
u |θs=900= 0
χ |θs=900= 0 (8.12)
rQs |θs=900= 0
This method has the advantage of its simplicity in implementation and fast computation
on a one-dimensional domain.
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8.2 Red Blood Cell
In this section, the numerical scheme is used to simulate the deformation of red blood
cells, and the results are compared with the experimental results from Mishra et al. [6].
In their experiment, red blood cells were subjected to an acoustic standing wave
in a square glass micro-capillary. Prior to the experiment, the red blood cells were
osmotically pre-swollen to a spherical shape. The cell deformation was then obtained
by measuring the change in the cell aspect ratio.
8.2.1 Elastic Modulus of the Red Blood Cell Membrane
Similar to the experiment [6], in the simulation, the standing wave pressure amplitude
P0 is varied from 100 kPa to 800 kPa. The properties of the red blood cell [5, 6] used
in the simulation are tabulated in Table 8.1, and the surrounding fluid is water. The
frequency of the acoustic standing wave is set to 7.9 MHz, following the experiment
done by Mishra et al [6].
Table 8.1: Properties of the red blood cell [5, 6].
Cell radius (a) 3.1 µm
Cell density (ρi) 1139 kg/m3
Speed of sound of the cell (ci) 1680 m/s
Cell membrane thickness (h) 0.031 µm
Cell compressibility (κi) 3.31× 10−10Pa−1
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Before the deformation of the cell membrane is simulated, the shell model is verified
against Guck’s analytical solution [9] for the optical stretcher. As reported, when the
red blood cell is stretched by an optical force, the distribution of radial surface stress
can be approximated by
σr = σ0cos2(θs) (8.13)
where σ0 is the magnitude of the stress. By applying this radial stress to the shell
model with E = 1258 Pa, which is the mean value of E for red blood cells according
to Guck et al. [9], it is found that the pole of the cell moves outwards while its equator
moves inwards, as shown in Figure 8.4(a). This deformation mode agrees with Guck
et al. [9] observation. Figure 8.4(b) shows radial displacements of the pole (normalized
















σ0 = 1.5 Pa
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Figure 8.4: Verification of the shell model. In these figures, a denotes the cell radius
and uz denotes the displacement of the pole in the z-direction.
by the cell radius) for different values of σ0 and the results are in a good agreement
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with Guck’s analytical solution [9]. After this verification, the numerical framework is
used to simulate the deformation of the red blood cell membrane due to the acoustic
radiation traction. The acoustic radiation traction is calculated by using the boundary
element model. Figure 8.5(a) shows the magnitude of the acoustic traction in the





















Figure 8.5: (a) Magnitude of the acoustic radiation tractions for P0 = 700 kPa. (b)
The directions of the acoustic radiation tractions.
normal direction τξ along the meridian (θs), while Figure 8.5(b) shows a schematic of
the direction of the traction. It is noted that the magnitude of the tangential acoustic
traction τs is negligible compared to τξ. As shown in Figure 8.5(b), an outward
acoustic traction is exerted at all points on the cell surface and the traction at the
equator is larger than that at the pole.
From equations (8.2) and (8.3), it can be seen that there are two terms which
contribute to the radiation traction. The first term is κp21 while the second term is
ρ|v1|2. The distribution of each term along the meridian of the cell surface is shown
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in Figure 8.6. As the first term is scaled by κ, which is very small, the contribution of
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Figure 8.6: Distribution of terms contributing to radiation traction along the meridian
(θs) for P0 = 700 kPa.
the first term to the radiation traction is negligible compared to the contribution of
the second term. This implies that the difference between fluid and cell densities has
a more significant effect on the radiation traction. The larger the difference, the larger
the radiation traction experienced by the cell.
Figure 8.7(a) shows the cell membrane deformation due to the acoustic radiation
traction. It can be seen that the cell volume increases after the deformation. But, due
to high bulk modulus (near incompressibility) of red blood cell [5], the change in the
cell volume after the cell deforms should be negligible. Therefore, a uniform internal
pressure Pcore that maintains the cell volume is added to maintain the incompressibility
of the cell. The direction of this internal pressure opposes the direction of acoustic
traction.
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P0 = 600 kPa
(a) (b)
Figure 8.7: Cell membrane deformation for E = 500 Pa for the cases where (a)
without the internal fluid and (b) with the internal fluid.
Figure 8.8 shows the determination process of Pcore. Different values of Pcore are
applied to the shell model. When Pcore = 0, the change in the cell volume ∆Vc is















Internal Pressure of the Cell (E = 500 Pa)
 
 
P0 = 300 kPa
P0 = 700 kPa
Figure 8.8: Determination of cell internal pressure.
positive since the radiation traction expands the cell, as shown in Figure 8.7(a). As
higher value of Pcore is applied to the shell model, ∆Vc decreases until it is negative.
It is difficult to obtain the value of Pcore that results in ∆Vc = 0 numerically since this
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is a stiff" problem where ∆Vc is very sensitive to the changes in Pcore. To illustrate
this difficulty, the values of the internal pressure and the corresponding values of ∆Vc
Vc
for the case of P0 = 700 kPa and E = 500 Pa are tabulated in Table 8.2. At Pcore
of 6.905 Pa, it is found that ∆Vc
Vc
= 0.0007. When the value of Pcore is increased to
6.905001 Pa, the value of ∆Vc
Vc
changes to -0.00015. For practical implementation, a
criteria of
∣∣∣∣∣∆VcVc
∣∣∣∣∣ < 0.005 is used in determining the value of Pcore. Within this range,
the value of Pcore varies insignificantly from 6.9 Pa to 6.91 Pa.











By applying this internal pressure to the shell model, the correct deformation of
red blood cell membrane, shown in Figure 8.7(b), is obtained. The pole moves inwards
while the equator moves outwards, as observed in [6]. The aspect ratio of the cell after





, where a1 is the equatorial radius of the cell and a2 is
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the distance from the cell center to the pole, following the convention made by Mishra
et al. [6].
One of the main differences between the current study and Mishra et al. [6] is the
way of obtaining the internal pressure of the cell. In Mishra et al. [6], the magnitude
of the internal pressure was obtained from the multiplication of an arbitrary stiffness
constant with the change of the cell volume. In this study, the magnitude of the
internal pressure was obtained from an iteration process. In order to illustrate the
difference between the two ways of obtaining the internal pressure, the red blood cell
deformation is simulated using E = 628 Pa, which is the value used by Mishra et
al. [6]. Table 8.3 shows the comparison between cell aspect ratio obtained from the
numerical framework and those from Mishra et al. [6] using E = 628 Pa.
Table 8.3: Comparison between cell aspect ratio obtained from the numerical frame-
work with Mishra’s results for E = 628 Pa.





It can be seen that both results are close to each other with the largest difference of
about 6.25 % (with respect to result obtained from the presented numerical framework)
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for the case of P 20 = 50 ×1010Pa2. This implies that the two methods of assigning the
cell internal pressure would result in similar numerical results. However, the author
believes that the cell internal pressure has a unique value; hence, the iteration process
is more appropriate than the use of an arbitrary stiffness constant [6] in determining
the value of the internal pressure.
The aspect ratio of the deformed shape under various loading P 20 of the incident
wave is plotted in Figure 8.9. Each curve corresponds to a value of Young’s modulus
of membrane. In order to estimate the value of the Young’s modulus of the red cell
membrane, the experimental data reported by Mishra et al. [6] is plotted together
with these curves.
















Characteristic Curves (Red Blood Cell)
 
 
E = 400 Pa
E = 500 Pa
E = 600 Pa
E = 800 Pa
E = 1000 Pa
Experiment
Figure 8.9: Characteristic curves of red blood cell.
To find the best estimate of the Young’s modulus, based on the mean values of
experimental data, the least square method is used. A variable ∆cell is defined to
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The sum of square of the differences, denoted by S∆, is given by the following equation





The values of S∆ for E = 400− 550 Pa at step size of 10 Pa are shown in Figure 8.10.
The minimum value of S∆ is obtained for E = 500 Pa. Hence, the Young’s modulus
of the red blood cell membrane is estimated to be 500 Pa.







Least Square Error (Red Blood Cell)
Figure 8.10: Least square error for red blood cell.
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Mishra et al. [6] reported that the experimental data is subjected to a systemic
error of ±20 % due to uncertainties in the measurement of the acoustic pressure
amplitude P0. Moreover, the accuracy of the measurement of cell aspect ratio [6] is
reported to be ±0.1.
Most of the previous studies reported the elastic modulus of the red blood cell in
the form of surface tension with unit of N/m. In order to compare the result obtained
in this study with the results reported in the literature, the estimated Young’s modulus
is multiplied by the membrane thickness. As a result, Eh ≈ 1.55× 10−5 N/m which is
in a good agreement with the results obtained from other measurement methods, such
as micropipette aspiration [126] and optical stretcher [9]. Mohandas and Evans [126]
reported that the shear modulus of the red blood cell membrane is about 6 × 10−6
N/m which leads to the value of Eh ≈ 1.8× 10−5 N/m (by assuming that ν ≈ 0.5 for
biological cells [9, 126]). Guck et al. [9] reported that Eh = (3.9± 1.4)× 10−5 N/m.
However, there is a notable difference between the estimated Young’s modulus
and the Young’s modulus reported from the atomic force microscopy [127]. The value
of the Young’s modulus obtained from the atomic force microscopy varies from 4.4
kPa [128] to 26 kPa [127]. These values are at least 8 times larger than the estimated
Young’s modulus in this study. The alteration of the cell cytoskeleton during cell
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indentation has been reported as a possible reason of this overestimation [129,130].
8.2.2 Contribution of cell membrane to the cell bulk modulus
In the previous study [5], Yosioka’s formula [3] was used to obtain the bulk modulus
of the red blood cell. As the cell was assumed as a homogeneous material [5], the
obtained bulk modulus contained the contribution of both cell membrane and core. In
this section, a core-shell structure is used to investigate the contribution of the red




Figure 8.11: A particle with the core-shell structure.
For a sphere with a core-shell structure, as shown in Figure 8.11, the hoop stress




where p is the uniform internal pressure, a is the nominal radius of the shell and h is
the shell thickness. By using Hooke’s law, σθ = Eθ, in equation (8.16), the tangential
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where ∆a is the change in the nominal radius of the shell. Similar to the equation


















The effective bulk modulus of the core-shell structure is thus given by the sum of the
bulk moduli of the shell and core
Beff = Bcore +Bshell (8.20)
For the red blood cell with the ratio h/a ≈ 0.01 [9] and Young’s modulus of the
membrane E = 500 Pa (as estimated in the previous section), Bshell = 3.3 Pa, and
Beff = 3.31× 109 Pa [5]. Since Bshell << Beff , it can be inferred that, for red blood
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cell, the contribution of membrane to the cell bulk modulus is negligible (Beff ≈ Bcore).
This finding is in good agreement with theoretical study done by Leibacher et al. [131].
8.3 Green Algae
Biorefining is a sustainable processing of biomass into commercial products, such
as food, animal feed, chemicals, and biofuels [132]. Microalgae are considered as a
potential raw material for biorefining due to its high growth rate and ability to be
cultured in marginal area. Various cell wall disruption method have been developed to
extract the intracellular products from microalgae [133]. Despite of its importance on
the efficiency of the cell wall disruption process, the stiffness of the algae cell wall has
not been widely studied. Therefore, in this study, the proposed numerical framework
is used to estimate the Young’s modulus of algae cell membrane. The experiment for
algae cells was conducted by a fellow research student [19].
8.3.1 Device and Experimental Setup
Figure 8.12 shows the experimental setup for studying the algae cell deformation. The
device was prepared by using a VitroCom rectangular glass capillary of (50mm ×
40µm × 400µm) which forms the resonating cavity for standing wave. A SP-5H
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Figure 8.12: (a) Experimental setup for the deformation of the algae cell under
microscope. (b) Microfluidic device: Red line shows the capillary/ micro-channel, inlet
and outlet are sealed by epoxy, PZT is fixed to the aluminum cold plate.
grade transducer from Sparkler Piezoceramics was excited by Agilent 33120A Signal
Generator and NF HSA 4101 High Speed Bipolar Amplifier. The excitation frequency,
which is 1.875 MHz, was chosen so that the width of the channel is half of the
wavelength.
The glass capillary was chosen over other types of channel due to the smooth wall
of the glass capillary which results in less scattering and loss of acoustic energy inside
the channel. Peristaltic tubes were connected to the both ends of the capillary to
serve as inlet and outlet to the device. Capillary ends were inserted to the tube and
sealed by epoxy to achieve leak proof and airtight joint. The outlet was closed by a
check valve during the experiment to isolate the channel from outside and to prevent
pressure fluctuation. Hence, the resonance cavity was maintained at a fixed uniform
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pressure by the syringe at the inlet and valve at the outlet when there was no acoustic
field in the channel.
To maintain a stable temperature and avoid overheating, PZT was glued to the
cold plate by metal epoxy (metal epoxy facilitates heat transfer) which was cooled
by a Peltier unit (40mm× 40mm) from TE Tech. The Peltier unit was sandwiched
between the cold plate and the heat sink to extract heat from the transducer and was
controlled by TE Tech TC-48-20 Temperature Controller.
The channel was observed from top via Leica DMLM Microscope (with PL Fluotar
L50x/0.55 BD optical lens) as the pressure nodal plane was vertical and along the
channel. This view enabled us to observe clearly the deformed shape of the cell located
at the pressure node.
8.3.2 Preparation of Algae Sample
Green algae (chlorella vulgaris) used in the experiment was cultured in Sigma Alderich
BG-11 fresh water solution and deionized water in a ratio of (1 : 1 : 50). The algae
sample was mixed with water and blue food colour (0.5%) to improve the cell visibility.
In order to break the algae clusters and separate the individual cells before the
experiment, we used a portable vortex generator at 2500 rpm for 15 minutes.
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8.3.3 Image Processing and Measurement of Cell Deforma-
tion
Media files captured during the experiment were post processed by Nikon NIS Elements
BR scientific image processing software. The deformed cell images were first processed
through contrast enhancement and then in MATLAB to find the boundary pixels of
the cell. The boundary pixels were fitted to an ellipse using least square method. The
ratio of the major and minor axes gave the aspect ratio of the deformed algae cell.
More information about the preparation of the algae sample and the image processing
method used to measure the algae cell deformation can be found in [19].
8.3.4 Elastic Modulus of Algae Cell Membrane
The deformation of the algae cells subjected to the ultrasound standing wave were
observed under the microscope. Observations of 5 different cells at pressure amplitudes
(P0) of 647, 776, and 913 kPa were taken during the experiment. The measurement of
these pressure amplitudes contains 3.5 % variation due to the measurement uncertainty
and noise in the system [19]. Each cell was subjected to the pressure field twice to
obtain ten deformation readings at each pressure amplitude. The mean values of
aspect ratio of algae cells at the mentioned pressure amplitudes are 1.027, 1.051, and
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1.078 with standard deviation of 0.0095, 0.019, and 0.016, respectively for sample size
of 10. The accuracy of measurement of diameter is 0.16µm/pixel, which attributes to
2 % measurement error of the aspect ratio [19].
Below 647 kPa, the deformation of the cell was not distinguishable which is
the reason the experimental observation starts from this pressure amplitude. The
deformation of the cells at high pressure amplitudes, i.e. above 913 kPa, cannot be
observed due to noise in the experiment and the rapid movement of the cell at high
pressure amplitude [19]. This type of abnormality at high pressure amplitudes is
probably due to sudden rise in temperature, high energy density at high pressure
amplitude and acoustic streaming [19]. Therefore, the experiment was conducted only
for the aforementioned pressure amplitudes. The average radius of algae cells observed
during the experiment is 3 µm. Figure 8.13 shows the deformation of an algae cell at
the pressure node for P0 = 776 kPa. The cell was being compressed slightly in the
vertical direction, as shown by the red arrows.
Figure 8.13: The deformed algae cell (right figure) compared to its original shape
(left figure) for P0 = 776 kPa.
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The observed deformation of the algae cells is much smaller than the reported
deformation of red blood cells by Mishra et al. [6]. For the same range of pressure
amplitude, the maximum aspect ratio of the deformed algae cell is 1.1 whereas for
red blood cell, the lowest aspect ratio is more than 1.1. There are two possible
reasons for the smaller deformation observed for the algae cell. First, the density and
compressibility of algae cell is close to those of surrounding fluid, which is water in the
experiment, as shown in Table 8.4. This condition makes the magnitude of radiation
Table 8.4: Properties of algae cell [7, 8].
Cell radius (a) 3.0 µm
Cell density (ρi) 1060 kg/m3
Speed of sound of the cell (ci) 1539 m/s
Cell membrane thickness (h) 0.030 µm
Cell compressibility (κi) 3.9× 10−10Pa−1
traction experienced by algae cell is smaller than that experienced by the red blood
cell. As can be seen in Figure 8.14, for the same pressure amplitude P0, the magnitude
of the radiation traction on the algae cell is less than half of the traction calculated
for the red blood cell (as previously shown in Figure 8.5(a)). This is also confirmed by
the acoustic contrast factor γ, of which algae is smaller than that of red blood cell
(γalgae ≈ 0.2 and γrbc ≈ 0.45)
The second reason could be the stiffness of the algae cell membrane is higher than
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Acoustic Traction on Algae (P0= 700 kPa)
 
 
Figure 8.14: Magnitude of the acoustic radiation traction acting on algae cell surface
for P0 = 700 kPa
the stiffness of red blood cell membrane. To validate this hypothesis, the measured
deformation of the algae cell is compared with the simulated deformation obtained for
various values of Young’s modulus E.
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Figure 8.15: Characteristic curves of algae cell.






against the square of pressure amplitude. The experimental data
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is also plotted in this figure with error bar that shows the deviation from the mean
deformation at each pressure amplitude P 20 .
Similar to the red blood cell, the least square method was used to find the best
estimate for the mean values of experimental data. Figure 8.16 shows the values of S∆
for E = 550− 650 Pa at step size of 10 Pa. It can be seen that the minimum value of
S∆ is obtained for E = 630 Pa. This value implies that the membrane of the algae









Least Square Error (Algae Cell)
Figure 8.16: Least square error for algae cell.
cell could be stiffer than the red blood cell; hence, it undergoes smaller deformation.
By using the estimated value of E, the bulk modulus of algae cell membrane can be
calculated by using the equation (8.19). For algae cell, Bshell is found to be around 4
Pa. Being smaller than the Beff , which is about 2.5× 109 Pa [7], the cell membrane
stiffness has an insignificant role in the volumetric deformation of the algae cell.
Using the standard deviations of cell aspect ratio obtained from the experimental
observations, the standard deviations of E for the three loading cases are estimated to
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be 158 Pa, 211 Pa, and 160 Pa. These values are obtained by dividing the standard





with the sensitivity factor βc at each















a change in E. The value of this factor at each loading is obtained from the slope
of the sensitivity curve shown in Figure 8.17. Based on the aforementioned standard
deviations of E, the uncertainty in the measurement of E is estimated conservatively
to be 200 Pa, which is consistent with the data spread shown in Figure 8.15.
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Figure 8.17: Sensitivity curves of algae cell.
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8.4 Comparison with Other Measurement Techniques
in Cell Mechanics
The present method combines numerical simulation and experiment to estimate the
elastic modulus of cell membrane, based on its deformation under acoustophoresis. In
contrast to the contact methods in cell mechanics, such as micropipette asipration
[126, 134] and atomic force microscopy [127, 128], the ultrasound does not induce
a concentrated load on the cell and the cell deformation is smaller than the other
methods; hence, lesser or no structural change in the cell membrane is expected.
There are also other types of non-contact methods, such as optical tweezers [135]
and magnetic twisting cytometry [136] reported for measurement of elastic and torsional
moduli of cell membrane. These methods usually need additional attachments, such
as microbeads attached to the cell, that may affect the deformation measurement
accuracy and make them more complex than the presented method, where the radiation
force/traction is applied directly to the cell membrane.
The optical stretcher [9, 137] does not use microbeads and uses two laser beams
in the opposite directions to deform cell and estimate its membrane elastic modulus.
Despite of the difference in the nature of force, the present method is similar to
the optical stretcher [9, 137]. In both present method and optical stretcher, the
Chapter 8. Coupled Acoustic-Shell Model for Experimental
Study of Cell Stiffness under Acoustophoresis 179
elastic modulus of cell membrane is estimated by using a numerical simulation and no
additional attachment is needed to deform the cells.
Furthermore, similar to optical based methods in which cell opacity is critical, there
is a difficulty in using the present method for biological cells with acoustic contrast
factor close to that of water. For cells which have acoustic contrast factor close to
water, the magnitude of the radiation traction is small and the cell deformation is not
substantial. To overcome this situation, higher acoustic pressure amplitude should be
applied which may trigger temperature rise and cavitation inside the microchannel.
Therefore, in the algae experiment, a temperature control system was used to prevent
channel overheating.
8.5 Summary
In this chapter, a coupled acoustic-shell model, which is the combination of the
boundary element model and an axisymmteric shell model, is developed for estimating
cell membrane stiffness. The boundary element model is used to solve acoustic radiation
traction acting on the cell surface. The cell deformation due to this acoustic radiation
traction is then simulated by using the axisymmetric shell model. By comparing the
simulated deformation and the observed cell deformation, the cell membrane stiffness
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is estimated. The elastic moduli of algae and red blood cell membrane are estimated
by using this coupled acoustic-shell model. For red blood cell, the experimental data
reported by [6] was used in the estimation process. The estimated elastic modulus is
in a good agreement with values reported from other methods in cell mechanics. For
algae cell, the experiment was done by a fellow research student [19]. The estimated
elastic modulus is found to be larger than that of red blood cell membrane.
Chapter 9
Conclusion and Future Works
9.1 Conclusion
A three-dimensional boundary element model has been developed to calculate the
acoustic radiation force and torque acting on particles of arbitrary shapes and sizes
subjected to arbitrary acoustic waves. Several numerical simulations were conducted
in this study by using this boundary element model. In the first part of this study, the
boundary element model was used to calculate the radiation force and torque acting
on non-spherical particles subjected to an acoustic standing wave. The boundary
element model was verified by using the analytical solutions of radiation force and
torque for a small rigid spheroid. For the case of rigid particles, it was found that the
particles experienced the largest radiation force at the orientation where they have the
largest projected area in the pressure nodal plane. It was also found that the radiation
torque tends to rotate the particles to this orientation. For the case of compressible
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particles, the direction of the radiation force is determined by the acoustic contrast
factor of the particle, similar to that reported for spheres in the literature. Particles
with positive contrast factor moves to the pressure node, while particles with negative
contrast factor moves to the pressure antinode. When the acoustic contrast factor
of the particle is close to the acoustic contrast factor of the surrounding fluid, the
particle shape and orientation have an insignificant effect on the radiation force. This
implies that the radiation force could not be used to manipulate biological cells, since
most of cells have acoustic contrast factor close to the contrast factor of water, which
is the common medium in the typical acoustophoresis experiments. Furthermore, it
was found that the direction of the radiation torque does not depend on the material
properties of the particles. The magnitude of the torque depends only on the density
of the particles, and not its compressibility.
In the second part, the calculation of acoustic radiation force and torque was
performed for the case of zero-order Bessel beam. When the particles were placed
at the beam axis, it was found that the axial force decreases as the beam cone angle
increases. It was also found that there is a non-zero transverse force acting on the
particles when the particles are not in the axisymmetric configuration with respect
to the beam axis. This finding indicates that the particles may move away from the
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beam axis. The results of transverse force calculation, for the case where the particles
were offset from the beam axis, showed that the zero-order Bessel beam could be used
to separate particles of different shapes. The beam cone angle and the particle size
are important parameters in achieving this particle separation.
In the third part, the interparticle force and torque acting on a pair of spheroidal
particles in an acoustic standing wave were calculated by using the boundary element
model. The results of force calculation showed that particle agglomeration in the
vicinity of the pressure node is driven by the interparticle force which is more dominant
than the radiation force. This finding is consistent with the previous results reported
for a pair of spheres. However, for non-spherical particles, the orientation of the
particles when they agglomerate at the pressure node is mainly determined by the
primary radiation torque, since the interparticle torque is negligible compared to the
radiation torque.
In the fourth part, the boundary element model was combined with the multipole
translation method to obtain the multipole representation of the scattered acoustic
wave from particles of arbitrary shapes, which has not been reported in the literature.
By using the multipole coefficients, the radiation force and torque can be calculated
by using the series expressions of force and torque reported in the literature. It has
Chapter 9. Conclusion and Future Works 184
been shown in Chapter 7 that the results obtained from this combined method match
well with results obtained from the fictitious sphere. This combined method would
be useful for applications where multipole representation of acoustic scattering from
objects of arbitrary shapes is of particular importance.
In the last part, a coupled acoustic-shell model was developed to estimate the
stiffness of cell membrane from the cell deformation observed in the acoustophoresis
experiment. By comparing the simulation and experimental results, the elastic modulus
of the cell membrane was estimated using the least-square fit. The Young’s modulus of
algae and red blood cell membranes were estimated by using this numerical framework.
For red blood cell, the estimated Young’s modulus is in a good agreement with
the values reported by other methods in cell mechanics. Furthermore, it was found
that algae cell membrane shows more resistance to deformation than red blood cell
membrane due to lower magnitude of acoustic traction and larger value of Young’s
modulus. Further investigation showed that the contribution of the membrane to the
volumetric deformation of the cell is insignificant for both algae and red blood cells.
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9.2 Future Works
In the previous section, it has been shown that the boundary element model developed
in this study allows us to explore many aspects related to the particle manipulation
using acoustic waves. However, there are still some parts of this boundary element
model that can be improved. As stated in Chapter 3, the effect of viscosity on the
radiation force and torque is neglected in the current boundary element model. This
limits the application of this model to the cases where the particle size is much larger
than the thickness of acoustic boundary layer. Therefore, in the future, the fluid
viscosity should be included in the boundary element model. To account for the effect
of fluid viscosity, the second order effects corresponding to acoustic streaming need
to be solved. Once the time-averaged, second order acoustic effects are obtained, the
streaming drag force acting on the particle can be calculated.
Another future development that can be done is to incorporate the shear wave
(shear deformation) inside the compressible particle. The governing equation for this
problem is the Navier’s equation of motion for solid elastic particles. To solve this
equation, the displacement vector is expressed in terms of scalar and vector wave
potentials. Each wave potential is governed by a Helmholtz equation that can be
solved by using the current boundary element formulation.
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The same principle can be used to incorporate the effect of thermal boundary layer
on the acoustic radiation force and torque. The basic theory of acoustic radiation
force acting on a small solid sphere in a thermoviscous fluid has been reported recently
by Karlsen and Bruus [138]. In this study, it was shown that the propagation of
acoustic waves in a thermoviscous fluid is governed by three Helmholtz equations.
The first one is the Helmholtz equation of the scalar potential that corresponds to
the compressional acoustic waves. The second equation is the Helmholtz equation of
another scalar potential that corresponds to the thermal waves. The last equation is
the Helmholtz equation of the vector potential representing the shear waves that is
damped in the fluid but propagates inside the particle [138]. In the future, the effect
of thermal boundary layer will be included in the boundary element model by solving
these three Helmholtz equations using the current boundary element formulation.
The boundary element model is not limited to the case of a single particle. In
Chapter 6, it has been shown that the boundary element model can be used to calculate
the radiation force and torque on a pair of non-spherical particles. However, due to
the limitation of computational resources, the maximum number of particles that can
be simulated by the current boundary element model is ten particles, assuming that
each particle surface contains about 4000 nodes. The computational time needed to
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simulate ten particles is about 12 hours. To reduces the computational time, the fast
multipole method (FMM) will be implemented in the boundary element model. By
using this method, the computational time can be reduced from O(N3) to O(NlogN),
where N is the total number of degrees of freedom. As a result, non-spherical particle
tracking simulation can be done more efficiently in the future. In the non-spherical
particle tracking simulation, the acoustic, hydrodynamic, and contact interactions
between the particles need to be considered.
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A Shape Functions of the Boundary Element
(a) (b)
Figure A.1: (a) Planar triangular element. (b) Curved triangular element.
Figure A.1(a) shows the planar triangular element. The shape functions of this
boundary element are given by
N1 (ξ1, ξ2) = ξ1 (A.1)
N2 (ξ1, ξ2) = ξ2 (A.2)
N3 (ξ1, ξ2) = ξ3 (A.3)
where ξ3 = 1 − (ξ1 + ξ2). Figure A.1(b) shows the curved triangular element. The
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shape functions of this boundary element are given by
N1 (ξ1, ξ2) = ξ1 (2ξ1 − 1) (A.4)
N2 (ξ1, ξ2) = ξ2 (2ξ2 − 1) (A.5)
N3 (ξ1, ξ2) = ξ3 (2ξ3 − 1) (A.6)
N4 (ξ1, ξ2) = 4ξ1ξ2 (A.7)
N5 (ξ1, ξ2) = 4ξ2ξ3 (A.8)
N6 (ξ1, ξ2) = 4ξ1ξ3 (A.9)
B Multipole Translation and Rotation
In this section, the basic principle of multipole translation and rotation used to develop
the coupled boundary element-multipole translation method (Chapter 7) is discussed.
Figure B.2 illustrates the principle of multipole translation. Assume that an acoustic
source is located at point O. The acoustic field due to this source at a point p can be









Smn (r) = h(2)n (kr)Y mn (ϑ, ϕ)
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Figure B.2: Illustration of the principle of multipole translation.
where Amn is the expansion coefficient and h(2)n denotes the spherical Hankel function
of the second kind of order n, and Y mn (ϑ, ϕ) is the spherical harmonics [123] given by








While the acoustic field is invariant with respect to the center of expansion, the
expansion coefficients depend on the choice of this point. For example, the expansion















n (r′), for | r′ |>| t | (B.12)
Smn (r′) = h(2)n (kr′)Y mn (ϑ′, ϕ′)
where the translation vector t = O′ −O.
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(S | S)mm′nn′ (t)Am
′
n′ (r) (B.13)
where (S | S)mm′nn′ (t) is the “singular-to-singular" translation operator (also known as
Multipole-to-Multipole (M2M) translation operator). This translation operator can
be evaluated using the following integrals [121]
(S | S)m′mn′n (t) =
1
hn′(k | r′ |)
∫
Su
hn(k | r |)Y mn (s)Y −m
′
n′ (ŝ)dS(ŝ) (B.14)
where s = r| r | , ŝ =
r′
| r′ | , and Su is the surface of a sphere with unit radius centered
at point O′. The exact expressions of (S | S)mm′nn′ (t) can be found in [121]. When
the z-axis of the coordinate system r(x, y, z) is parallel to the z’-axis of the other
coordinate system r′(x′, y′, z′), the translation is called coaxial translation. For this




(S | S)mnn′ (t)Am
′
n′ (r) (B.15)
where (S | S)mnn′ (t) is the coaxial “singular-to-singular" translation operator [121].
The value of this operator can be obtained from the general “singular-to-singular"
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translation operator by setting the spherical polar angle of the translation vector t to
zero [121].
(S | S)mnn′ (t) = (S | S)mm
′
nn′ (t)|θt=0 (B.16)
Figure B.3: Illustration of multipole rotation.
In the case where the two Cartesian frames r(x, y, z) and r′(x′, y′, z′) have the same
origin but r′(x′, y′, z′) is rotated, as shown in Figure B.3, the acoustic field at point p


























In equation (B.18), Tmm′n (θxx′ , θyy′ , θzz′) is the rotation operator which can be evaluated
by using the following integral [121]
Tmm
′
n (θxx′ , θyy′ , θzz′) =
∫
Su
Y mn (s)Y −m
′
n (ŝ)dS(ŝ). (B.19)
The exact expression of Tmm′n (θxx′ , θyy′ , θzz′) can be found in [121].
